
Solution of the General Quartic

Any quartic equation in an unknown x can be written in the form
x4 +bx3 + cx2 + dx + e = 0   (1)

The following solution of (1) applies when b, c, d, e are complex numbers.

Solution:

1.  From (1), x4 + bx3 = -cx2 - dx - e         (2)

The left hand side in (2) contains the first two terms of the expansion of

(x2 + 
1
2 bx)2.

Hence, on adding 
1
4 b2x2 to both sides, we obtain

(x2 + 
1
2 bx)2 = (

1
4 b2 - c)x2 - dx - e.     (3)

  2.  As the key detail, we seek an expression which, when added to
both sides of (3), will give a perfect square on both sides.

3.  Let y be a number to be specified later.  Then on adding the 

expression y(x2 + 
1
2 bx) + 

1
4 y2 to both sides in (3) we obtain

(x2 + 
1
2 bx + 

1
2 y)2 = (

1
4 b2 - c + y)x2 + (

1
2 by - d)x + (

1
4 y2 - e)  (4)

The right hand side of (4) is a quadratic in x which will be a perfect 
square if the discriminant is zero, that is if

(
1
2 by - d)2 - 4(

1
4 b2 - c + y)(

1
4 y2 - e) = 0,  or        (5)

y3 - cy2 + (bd - 4e)y - b2e + 4ce - d2 = 0              (6)

We call  (6)  the  resolvent cubic   for (1).  We can solve (6) by
Cardan’s method.

4.  Let y = S be any root of (6), and substitute y = S in (4).  The
right hand side becomes the square of some linear function, hx + k,
and (4) gives

             (x2 + 
1
2 bx + 

1
2 S)2 = (hx + k)2              (7)

From (7),         x2 + 
1
2 bx + 

1
2 S = hx + k  (8)

or, x2 + 
1
2 bx + 

1
2 S = -(hx + k)   (9)

Each of (8) or (9) can be solved by the use of the quadratic
formula.  The four values of x obtained on solving (8) and (9)
are the roots of (1).  It can be proved that, if any root of (6)



other than y = S were used in (7), the same four values of x
would be obtained.

Note:    By the use of Cardan’s formulae, we could write a formula for the root of S 
of the resolvent cubic which we used in (7).  This formula would involve the coefficients b, 
c, d, e of (1).  On using the formula for S, we could obtain formulas for h and k in terms of 
the original coefficients of (1).  Then on solving (8) and (9) in terms of h and k and S we 
could obtain formulas for the four roots of (1) in terms of b, c, d, and e.  These formulas 
would be very complicated, and are of interest mainly for theoretic reasons.  The preceding 
method was invented by the Italian mathematician, Lodovico Ferrari (1522–1560), a pupil of 
Cardan.

- Exercises -

1.  x4  - 6x3 + 10x2 = 14 - 3x ans.  (2, -1, 
1
2 (5 ± i 3 ))

2.  x4 + 11x2 - 18x +18 = 2x3  ans.  ((1 ± i), ±3i)
3.  x4 - 9x2 + 2x + 8 = 2x3 ans.


