
Solution of the General Cubic

Any cubic equation in an unknown x can be written in the form
x3 + bx2 + cx + d = 0   (1)

The following solution of (1) applies when b, c, d are complex numbers.

Solution:

1.  In (1) place  x = y - 
b
3

      (2)

Then we obtain       y3 + py + q = 0,        (3)

where p = c - 
b2

3
,  and q= d - 

bc
3

  + 
2b3

27
.

2.  We call   (3)  the reduced cubic;  its advantage is that it contains no term
  in y to the second power.  In (3)  place

y = z - 
p
3z

            (4)

Then,  z3 - 
p3

27z3
 + q = 0,  or  z6 + qz3 - 

p3

27
  = 0     (5)

Since  (5)  is a quadratic form in z3 , we solve for z3 by the
quadratic formula.  The solutions are

z3 = 
-q
2

 + R and   z3 = 
-q
2

 - R

where  R = 
p3

27
  + 

q2

4
                  (6)

In (6), R  may be an imaginary number.  In such a case, R  is
understood to represent any one of the two square roots of R.

3.  The first equation in (6) has three solutions - z1, z2, and z3 .
These are the cube roots of the right-hand side.  Then, from (4)
the values of y are

y1 = z1 - 
p

3z1
;  y2 = z2 - 

p
3z2

;  y3 = z3 - 
p

3z3

4.  Therefore, from (2)  the roots of equation (1) are

x1 = z1 - 
p

3z1
 - 

b
3

 ;  x2 = z2 - 
p

3z2
 - 

b
3

 ;  x3 = z3 - 
p

3z3
 - 

b
3



Comment!    It can be proved that, if in place of (z1, z2, z3)  we had used the solutions 
(z4, z5, z6)  of the second equation in (6), the three values obtained for x would be the same 
as those in (7).

In the preceding solution,  p, q, and R are rational functions of b, c, and  d.  Hence (z1, 
z2, z3)  are the indicated cube roots of a certain function of b, c, and  d.  Therefore,  in (7) we 
have algebraic formulas for x1, x2, aand x3 in terms of the coefficients b, c, and d.

Illustration:  To solve x3 + 3x2 -9x - 3  = 0, we obtain p = -12, q=8, and R= -48.
Then, the first equation in (6) becomes

z3  = -4 + 4i 3   =  8(cos 120˚ + i sin 120˚) = 8 cis 120˚
Hence, we obtain

z1 = 2 cis 40˚, z2 = 2 cis 160˚, z3 = 2 cis 280˚.

From (7),  x1 = 2 cis 40˚ + 
12

6 cis 40˚
  - 1,

  x1 = 2 cis 40˚ + 2(cos 40˚ - i sin 40˚) - 1,
x1 = 4 cos 40˚ - 1;

Similarly,  x2 = 4 cos 160˚  and x3 = 4 cos 280˚ - 1  which then evaluated become:
x1 ≈ 2.06, x2 ≈ -4.76,        x3 ≈ -0.30

Note:  The essential elements of the preceding solution were published in 1545 by 
H. Cardan (1501-1576) in his famous  treatise Ars Magna, although he had obtained the 
method under promise of secrecy from Niccolo Tartaglia (1506-1557).  The clue to the 
method is supposed to have been discovered independently by Tartaglia and an earlier 
writer, perhaps Scipione Del Ferro (1496-1526).  Expressions (7) frequently are called 
Cardan’s Formulae, which seems to be an injustice to the memory of Tartaglia.  All 
mathematicians just mentioned were Italians.  The French algebraicist, Francoise 
Viete (1540-1603), was the first to consider the general cubic, in contrast to special cubics.

- Exercises -

1.  x3 -6x2 +9x = 1 ans. (3.523, 0.120, 2.348)

2.  x3 + 18x = 6x2 + 27  ans.  (3, 
3
2

 ± 
3
2

 i 3 )

3.  x3 + x + 1 = 0  ans.  


