Method of Variation of Parameters (Higher Order)

For higher order differential equations, we can use the method of variation of parameters to get a
general solution.

Steps for Solving Higher Order Nonhomogeneous Equations (Variation of Parameters):
1. Find the general solution to the corresponding homogeneous equation.
2. Find the particular solution to the nonhomogeneous equation by solving for v4(x), va(x),

...,Vn(X), where the particular solution is given by y,(x) =v,y, +v,», +...+Vv, ¥, and the
solutions of v4(x), va(X), ...,Vy(X) are given by the following general formula:
- g, (x)
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Note: Recall that W[y4(x),y2(X),...,Yn(X)] is the Wronskian of y;(x), y2(x),...,Ya(X) given by:
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Note: The W (x) in the formula is given by
W (x) = (D" Wy ey Vesores 2, 1(5)

where n is the number of fundamental solutions u have and k=1, 2, ..., n.
3. Write the general solution to the nonhomogeneous differential equation by adding the

homogeneous solution to the particular solution to get the formy =y, + y,.

Example:
Find the general solution to the differential equation y"'+)'= tan x .

1. Find a general solution the associated homogeneous equation.
yH l+y7 — O

"

P +r=0

r(r* +1)=0

r=0,r==i
--Thus, y,, = ¢, +c,c0sx +c,sinx.

2. Find the particular solution to the nonhomogeneous equation.
--We know that the fundamental solution is {y4,y2,y3} = {1, cos X, sin x}. Calculate the
Wronskian of the fundamental set.

I cosx sinx
Wll,cosx,sinx]=|0 —sinx cosx

0 —cosx -—sinx

--Using cofactor expansion using the first column yields:

1| cosx sin x

—sinx cOSXx Ccos X sin x cosx sinx

0| —sinx cosx|=1

—Ccosx —sinx —Ccosx —sinx —sinx cosx

0| —cosx —sinx

: 2 2
=sin“x+cos  x=1



--Finding the other Wronskians gives the following:
W, (x)=(=1)""W[cosx,sinx](x)  W,(x)=(=1)"W[l,sinx](x)

cosx sinx 1 sinx
=(=D*| . = (—1)‘

—sinx CcosXx 0 cosx
=cos’ x +sin’ x =(=1)(-sinx)
=1 =sinx

W, (x) = (=1)""W[l,cos x](x)
/I cosx
=(=1) :

0 —sinx
=CcosXx

--Find v4(x), vo(x),and v3(x) by plugging into the formula above metioned in step 2.

gV, (x)

ne=] W1, (), 7 (), 75(x)]
_ _[ (tan 1x)(l) »
= Itan x+C

= —1n|cos x| +C

g (x)

n=] W (032 (0 35 (0]

_ j (tan x)l(cos x) "

sin x
= I -cos x |dx
cosXx

= I sin xdx

=—-cosx+C

--Thus

gW,(x)

n0=] W1, (X) 7 (), 75 (x)]

_ [ltanhsin ),
1

= J. (tan x sin x)dx
sinx .

= -sin x |dx
CcoS X
sin? x

= X
COS X

1-cos® x
= || —— |dx
COS X

1 cos® x
= - dx
COSX  COSX

= J.(sec X — cos x )dx

= 1n|secx + tan x| —sinx+C

Yp(x)=(1)(1) + (cos x)(ln|sec x+tanx|—sinx +C,) + (sinx)(—cosx + C;)
=1+ (cos x)(ln|sec X + tan x|) —sin x cOs X — sin x oS X
=1+(cos x)(ln|sec X + tan x|) —2sinxcosx

=1+ (cos x)(ln|sec X + tan x|) —sin2x

Note: We took the constants to be zero to make the solution more feasible.



3. Write the general solution by adding together the homogeneous solution and the particular
solution.
Hence, the general solution is given by

Y =c¢, +c,co8x+c,sinx+(cos x)(ln|sec X+ tan x|) —sin2x.

( Remove bottom row and i * column. )

If n = 3, then
yi Y2 y3
W=y, ¥, ¥
iV
Therefore
» y3 N y3 N »
W/I = / / ’ 2= / / ’ % - / / ’
Y V3 yi ¥ yi




