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y+3y=e"'; y(0)=1

[,'{y'+3y}= L'{e_’}
cly}t+3c{y}= c{e'}

1

( sY(s) - y(0) )+ 3(Y(s)) =

s+1
sY(s)-1+3Y(s) = s-ll-l
s+2
()= i) +3)
Y(s) = 1 1

2(s+1) " 2(s+3)

cr(s)}=¢ _]{ 2.(s1+1) ' Z(S1+ 3) }
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2 ax* = A(x)
0

Laplace Transforms

a(k)% A(x) 1 -

. RY;
x = eln.z SO xt =(eln.x )

0 <x< 1 would generally guarantee convergence so then
Inx<0

Lets=—Inxor—s=Inx

J:o f(t)e'dt = F(s)

L|
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DEFINITION: Laplace Transform

Let f{(¢) be a function defined on (0, ). The Laplace transform of f{7)
is defined to be the function F(s) given by the integral

Fi(s) = f:e“’f(:) dt

The domain of the transform F(s) 1s taken to be all values of s for
which the integral exists.: The Laplace transform of f{¢) i1s denoted
‘both by F(s) and the alternate notation £ {f}.
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DEFINITION: Exponential Ordere®
5 AL . A function £{f) is said to be of exponential order e™ if there exist
£01) - positive constants M and T such that f{¢) satisfies
0 ¢ —Me™ = f(1) = Me™
L '

forallt>T

If f(¢) 1s a piecewise continuous function on [0,0) and of exponential

order e, then A{¢) has a Laplace transform € {f} = F(s) for s > a.
- | -» |
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Let fand g be functions whose Laplace transform exists on a common
domain. The Laplace transform satisfies the two properties of being a
linear transformation:

g =+ g

« & {cf}= cl{f}

where c is an arbitrary constant.

{5 — 3¢} = {5} + &{-3e7%}

= 58{1} — 3%{e™*}

- 5(%) ) 3(; ; 3)

2(s 4+ 5)
- — (s = 0)
s(s + 2)
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0 F) = 1) Domain of F(s)
1 I/s s> 0
t"(fl positive n! =0
integer) sl
'p+1)
¢ (p>-1 P! s>0
e 1 >
S —a
n!
al n - >
e“t"\n=12,.. G s>a
. b
sin bt s s> 0
5
cos bt T s> 0
. b
sinh br e s> [b]
s
cosh br g s> [b]
b
ar o3
e sin bt s s>a
at S - a
e cos br i P s>a
u(t — ¢) e " (>0
s
u(t = c)f(r — ) e ““F(s)
'
J;f(t - 1)g(7) dv F(s)G(s)
8(t — o e "
dﬂ
Ff(’) s"F(s) — S"_lf(O) - o — f-1)Q)
) (= 1'F*s)
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* Find the Laplace transforms of the following -

l.af? + bt+c
2.2 +e¥-2
3.(t—9)

4. e2t- 1

5.(1 +eh)?
6.3¢sint

7. £ sin 2t

8. ¢?! sin 3¢
9.5 e cos 2t

10. et

11. tet cos ¢

12. ¢l sin ¢

13. sin 2¢ sinh 2¢

14. sin? ¢

15. sinh 3¢

16. cos’t

17. ¢ sin? ¢

18. cos mt sin nt (m # n)

e |

1
1. §°
.5 s—-1 s

5
3.52+3
3 + 4
4.3-3 s+ 3
1
5. s+ 3s
s+ 1
6.sz+2s+10
1
7.s2+4s+ 4
1
8. s2+45+ 4
s+ 1
0. 24+5s-2
3
10. s> +s-6
25 + 4

11. s2 -1

* Find the Inverse Laplace transforms for the following -

.
12. 6+ 22+ 3
2s + 16

13. s>+ 45+ 13
6

14. < +2*
75 + 235 + 30
15. 6 -2 + 25+ 5)
4
16. s*s* + 4
3
17. (5% + 1)s* + 4)
7s - 1
18. (s + IXs + 2)(s - 3)
s¢-2
19, s> + 852 + 75
s2+ 95 +2

20,05 - D¥(s + 3)

L|
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y+3y=e'; y(0)=1

5{y'+3y}= [f{e_’}

E{y’} +3E{y}= L'{e"}

1

( sY(s) — y(O) )+ 3(Y(s)) =

s+1
sY(s)-1+3Y(s) = s-ll-l
s+2
Y= (s +3)
Y(s) = 1 1

2(s+1) " 2(s+3)

cr(s)}=¢ _]{ z(s1+1) ' 2(Sl““ 3) }

el gl tsleas

l = l _21
Nf)l= — + —e
}() 2£ 26
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e Use Laplace transforms to solve the problems below.

1.y'=1 (0)=1
2.y'—-y=0 y0)=1
3.7/ —y=¢é »0)=1
4.y'+y=¢" y(0)=1
5.y"=¢! y(0)=1
6.9"—3y'+2y=0 0)=1
7.y"+2y'=4 y0)=1

8.9"+9y=20e! y(0)=1

9.y"+9y=cos3t y0)=1
10. y"+4y =4 y0)=1
11.y"-2y'"+5y=0 0)=2
12. "+ 10y'+25y=031(0)=0
13.y"+3y'+2y=6 p(0)=1
14.y"+y=sin ¢ y(0)=2

() =1
y()=1
y(0)=-4
() =1
y(0)y=-1
() =1
y(0)=4
y"(0)=10
y(0)=2
y(0)y=-1
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y'+4y=sint; y(0)=0,y(0)=1

L'{y”} +4£{y}= L'{sint}

s+ 2
2

y(t) = %sinr + %sinZI



MTH 211 Ordinary Differential Equations

ty” =2ty +4y =0; y(0)=0,y’(0)=-1

£{rr 0} = L2 £0)))

s—6

cliv - ety --Lier-so-vo) | o= [ Fhe
= _%(SZY(S)H) In| ¥(s)|=1In 5332 +C
= —2sY(s)—s"Y'(s) Y(s)= C(iz— %)

£{ry} = ()G D=5 (57 ()= 5(0) ofri=ce L2
=—Y(s)—sY (s) y(t)=C(t—t )

_25¥(5) = 52 (s) + 2¥ () + 2 s¥’(s) + 4¥(s) =0 y(t)=1"~1

(25. —s?‘)Y’(s)+(6—23)Y(s) =0

(2s _SZ)Z_I.: +(6-2s)Y =0

1 2s—6

;dY B S(Z—S)ds

e |



