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MTH 211 Ordinary Differential Equations

A"+ fb‘y’ + Cy = 0

_, d

constant coefficients homogeneous

”

If ' isasolutionto Ay” + By’ + Cy=0 then A(e") + B(e“) +Ce'" =0

As’e + Bse'' + Ce*' =0
e“(As2 + Bs + c) =0

Saf

As* + Bs + C =0 is called the characteristic equation and c, ¢ and c, e™ are

solutions. The general solution can the be represented as y = ¢, e + ¢, e™ .
e Y -=3y+2y=0 ; y0)=1y(0)=0

e y'-25y=0

. 3y"+2y'+iy=0

* Y'=y-y=0 » |

- y”+6yf+9y=0



MTH 211 Ordinary Differential Equations

A"+ fb‘y’ + Cy = 0

_, d

constant coefficients homogeneous

If s, = s, then the general solutionis y=c, e+ c,te™ . Ay"+ By’ + Cy=0 then

y=As’+Bs+C=0 and Zs—y=2As+B=0

Let te' be a solution.
y — tesr
y=e" +ste’ =€ +5sy

y' =se" + sy =se’ + s(e“ + sy) = szy + 2se"

A(s2y+2.se“)+B(sy+ e”)+Cy=0
and (As2 + Bs + C)y+(2As + B)e™ is zero!

e Y'+6y+9y=0
A



MTH 211 Ordinary Differential Equations
A}"” + f}ff + C}‘ — 0
constant coefficients homog\eneous
° y” _ 4y! + 9y =0
X i xk xz x3 x4 x5 x6 x7
e’ = —=l+x+—+—+—+—=—+—+— ...
k! 20 31 41 51 6l 7!
k=0
So
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= COSX + isinx




MTH 211 Ordinary Differential Equations

!

Ay" + ;3}" + Cy = 0
\

constant coefficients homogeneous
° y”_4y!+9y=0
5, =2+ i5,5,=2-1i,5

s, =o+Pi, s, =a—Pi General Statement
Ifs,=a+pi and s, =0a - i

y(t) = c, P 4+ e Y = y(1) = ce®eP) + cre*e P hen Ay"+ By’ +Cy=0

y(t) = ce™(cos Bt + isin Bt ) + c,e™ (cos Bt — isin fBt) . .
y(¢)=(c, + c,)e™ (cos Bt) + (ic, — ic,)e™ (sin Bt) YO = (ccos i + cysinfr)
y(t)=c,e” (cosBt) + c, ™ ( sin Bt)

y(t) = € (c,cos Bt + c, sin Bt)

e | _* |
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Ordinary Differential Equations

Solve the following for y

1. y"—4y=0
2.y" =0

3.y -4y +4y=0
4. y"+y -2y=0
5.5y -10y" =0

6. %y"+4y’+6y=0

7.y +y=0

8. y'+4y —y=0

9. y"+2y +y=0
10. y" +2y"+101y=0
11. y" - 2y"+101y=0
12. y" +47°y +6y=0

13. y"+y=0; y(0)=0, y'(0)=2

14. y"+3y"+2y=0; y(0)=0, y'(0)=1
15. y" = 9y=0; y(0)=2,y(0)=-1

16. y" -6y =0; y(0)=1, y'(0)=-1

17. y" = 25y=0; y(1)=0,y'(1) =1
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Ordinary Differential Equations
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MTH 211 Ordinary Differential Equations

Free Harmonic Motion

¥
d”y |
l + i — P NO "forcing" function
A— Gy 0
dt
acceleration restoring force
curve bending
my” +ky=0

k .|k
yl(t)zclcos\/%t yz(r)=CQSln\/;t

k .
Let w=,/—, then y(t)=ccosot + c,sinw!
m

If y(0)=0, then ¢, =y(0) and ¢, = y’'(0)
@

and ®
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Ordinary Differential Equations

A

Free

Harmonic Motion

d’y

dt”

acceleration
curve bending

et

—_
~—

—
Il

+

C}." = 0 <----- NO "forcing" function

restoring force

y(0) cosmt + Y(0) sin@

)

y =cost

¢

1ot
€

+ c,e

—imi

T
ol =2
2z
0]

y(t)=y(0)e" +

@

= radians per second

y’(O) —imt

e

To convert a cycle per second (hertz)
measurement to a radian per second
measurement, multiply the frequency by tk
conversion ratio. The frequency in radians f
second is equal to the cycles per second
multiplied by 6.283185.

1
=— or fT=1
f T f

.|



MTH 211 Ordinary Differential Equations

T = 6.283185...

XI. Sit CAB bullula aerea, quoad fieri poteft Fig. I
comprefla , quae proin eft materia fubtili vorticofa pe-
nitus repleta. Circumdata vero fit crufta aquea ADEB,
vt ergo reliquum (patiury CDE materia fubtili implea-
wr. Sit AC—g, CD=—). Sumatur pro ratione radii
ad peripheriem, 1 : 7, pro grauitate {pecifica materiae
fubtilis , 7 et pro grauitate {pecifica aquae feu cruftae

p«/z/vz‘ A zéz Cc’ym%mre (;chﬂ ceecle (azrffﬂ"‘ <2 /—'6:7-’7/4 P ¥ /.

e | _* |



MTH 211 Ordinary Differential Equations

—kx —c,x + f(t) = mi

d’x dx
A > + B_ + Cx e 0 <-mme- NO "forcing" function
dt dt

friction

restoring force (Hooke's law)

acceleration
curve bending

Unforced Damped Motion

12098
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MTH 211 Ordinary Differential Equations

Unforced Undamped Motion

dl
A F + + C X = 0 S— NO "forcing” function
!

acceleration
curve bending

As°+ Bs+C=0 If B=0, s=tio
x(t) = c,cosmt + c,sinw1

restoring force (Hooke's law)

NO friction

~B+.B*-4AC

Sps 8 = e Undamped Motion

s ATATATA
.l .




MTH 211 Ordinary Differential Equations

Unforced Damped Motion

d’x dx
A _2 + B_ + C x — 0 P NO "forcing" function
dt dt

restoring force (Hooke's law)

acceleration friction
curve bending B
As*+ Bs+C=0 If BB-4AC =0, s=s=35,= —

x(t)=ce’ +c,te"

~B+.B*-4AC
T 2A

e Critically Damped Motion

000001 - s
RINE ” -



H 211 Ordinary Differential Equations

Unforced Damped Motion

d*x dx |
A _2 + B_ + Cx —_— O <----- NO "forcing" function
dt dt

restoring force (Hooke's law)

friction
acceleration
curve bending 5 B _B l 5
As’+ Bs+C=0 If B < 4AC, s,5,= = * - |||B* - 44(
5,8, =0t Bi
—Bi\/Bz—4AC x(t)=e*(c,cos Bt + c,sin Bt)
81, 8, = A

e Under damped Motion




H 211 Ordinary Differential Equations

Unforced Damped Motion

d’x dx
A _2 + B_ + Cx - O <-ee- NO "forcing" function
dt dt

restoring force (Hooke's law)

friction
acceleration
curve bending 5
—Bx. B —-4AC
As*+ Bs+C=0 If B> > 4AC, s,,5,= ‘/ZA
2 x(t)=ce"" + c,e™
B+ B —4AC
S, 8, =
24 |
| e Over damped Motion
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