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MTH 211 Ordinary Differential Equations

Reduction of order method

a) Solve y”-2y -3y=0 given that y (1) =e".

Assume y,(t)=e'v = vy, (f)=3e"v+e"V

I _#

=y, (1) = 9"V + 3™V + 3¢V +e"V'=9e"y + 67V + eV
Substituting we have (QeJ’V + 6™V + e3’v”) -2 ( 3ev+ ey ) - 3(e3'v) =0 or

3w

e v +4eVv =0.

Now let w=v" = w’=". with this substitution we have

e'w+del'w=0 or w+4w=0.

The solution to this first order linear differential equation is w(r)=ce .

. v=J. wdt:J ce ¥ dt=—%ce’4’+k.

=

Dropping constants we get y,(t)=e™ (e‘“) = ¢ and the general solution to our

differential equation is

- | ‘
y(t)=c e’ + ce”’
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b) Solve t*y”+ 2ty —2y=0 giventhat y (t)=1.

o’

Assume y,(t)=tv = y, (f)=v+tv = 3, (t)=vV+vV+ V=2V + 1tV
Substituting we have t*(2v’ +tv')+ 2t(v+0/) = 2(tv)=0 or v +41*v =0.

20
Now let w=v = w' =1". with this substitution we have |

tw+4tPw=0.

The solution to this first order linear differential equation is w(t)=ct™*.

.'.v=-[wdr=-[ct'4dt=—%ct'3+k. g L/

Dropping constants we get y,(t)= r(r‘3 ) =t"* and the general solution to our 5

differential equation is

|

]
~d

t

!

y(t)=c,t +

(=]
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Ordinary Differential Equations

Use reduction of order to find a particular solution to the following -

Reduction of Order

1. y' — 4y +4y=0; y, = > 7. 9y" — 12y" + 4y = 0;
2.y"+2y +y=0; y, =xe* 8. 6y" +y' —y=0;

3. "+ 16y =0; 1y, = cos 4x 9. x*y" — Txy' + 16y =0; y, =x*
4. y"+9y=0; y; =sin3x 10. x%y" + 2xy" — 6y = 0;
5.y"—y=0; y =coshx 11. xy”" +y" = 0;

6. y' —25y=0; y =e>* 12. 4x%y" +y = 0;

13. x*y" — xy' + 2y = 0;

y1 = Inx

.
yi =x"?1Inx

y1 = x sin(In x)

i|
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Ordinary Differential Equations

Taylor Series Expansion

fr(x-a)  f"(x-a)
2! 3!

f(x)=f(a)+ f'(x—a)+

o=y L=

k!

k
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Solution in power series
a) Find a series solution for y” — 2y’ — 3y =0 such that y(0) =7 and y’(0)=1.

Solve for " and differentiate

5
y" =2y + 3y and then 7
Y7 =2y"+ 3y 7el2 11 | H"
‘}FI\' — 2}.”? + 3yrr | ! A %
\ N, - 2 1
Evaluate the derivatives at¢ = 0 ‘ |
4 ;2 [¢] 2 4 6 B 1
y"(0)=23 | w
y(0)=49 | | s
y*(0)=167 I '
‘ -10 5 0

The solution is then

23

y(t)=7+1(r-0) + (t—0)2+3—’ >'+?(t—0)4+---

23 , 49 . 167 ,
y({)=T+t+=r+ —F +—1 +--
2 6 24
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b) Find a series solution for ty” +¢’y’ — 3y =0 such that y(1)=0and y'(1)=2.

Solve for " and differentiate

"=—t"y" + 3t 'y andthen

y
Yy ==ty — (2t—3t )
"

—1’y" (41 =317")y”

Evaluate the derivatives att = 1

Y (1)=-2
y”(1)=
y*(1)=-18

The solution is then

2

|

-3ty

- (2 + 6!'2)}" +6ty

;..-(t)=0+2(r—1)-5(1‘-1)2 +

y(0)=2(r=1)=(r-1)"+

(

— _13
3t )

=10

-1

10
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a) Find a power series solution to

Y =2y =3y=0

Z n(n—1)a,x"> EZZ na,x""' -3 Z a,x" =0
n=2 n=1 n=10
z n(n=1)anx”‘ - Z 2na, x""' - 2 3a,x" =0
n=2 n=1 n=0
Z n(n—l)anx”‘ - Z 2na, x""' - z 3a,x" =0
n=2 LJ'1=1 | n=0
k=n- k=n-1
n=k+ n=k+l
z (k+2)(k+l)ak+2xk—z 2(k+1)a,,,x z 3a,x* =0
k=0 k=0 k=0

Y [(k+2)(k+1)a,., - 2(k+1)a,., ~3a, ]x* =0 which means

(k+2)(k+1)a,,, — 2(k+1)a,,, — 3a,=0
|

_2(k+1)a,,, + 3a,
ST T v 2)(k+)
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2(k +1)a,,, + 3a,

T ke 2)(k+ 1)

2a, + 3a, 3
a,= = ——r=a+sa
4a, + 3a, 4a, 3a, 2( 3 ) 1 2 1 7
a, = = = =— |} = — al+_aﬂ +—a]=—a]+an+—al=—_al+a0
3.2 6 6 3 2 2 3 2 6
6a,+3a, 5 7
a = ——==—a,+ —a,
4.3 6 8
8a, + 3a, 41 13
a, = —————=—a, + —a,
5-4 60 20
14 N 73
a = —a,+ —a
¢ 45 ' 240 °
347 N 2
a. = —a + —
7T 2520 T 15
103 667
a = ———q -+ —d,
2016 13440
443 1003
a. =

a + a
? 2592 ' 60480
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Ordinary Differential Equations

Use initial conditions for a, = y(0) =7 and aq, = y’(0) =1

= 7

1
23

2
49

6

167

24
157
30
1757
720
2699
2520
16067
40320
7439
25920

yl(x}=7+ x

23

+=x'+ =
g

1757 f,
720

491

15

6

167 .

YR

2699 .
X o e—

2520

+_

16067
40320

157 5

30

8

+

7439
25 920

10

9



MTH 211
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b) Find a power series solution to Airy's Equation

|

y'—xy=0
},:'Z a"_xﬂ yrzz nanxn—] yﬂ=z n(n=1)a”xr1—,.
n=0 n=1 n=2
2 n(n—l)a,,x"_’ - xz ax" =0
n=2 n=10
z M(n=1).:1,,:{""l - 2 ax""' =0
n=2 n=0
Z M(n—l)a,1 x"t - 2 aﬂx"” =0
n=12 n=10
k k=n-2 t k=n+l
n=k4+2 n=%k-1
(k+2)(k+l)ah1x* - Z a,_x* =0
k=0 k=1
2a, + 2 (I’c+2)(!’c+1)a“3x'k - 2 a,_x* =0
k=1 k=1
2a, + z [(k+2)(k+1)a,,, - a,_, |x* =0 which means
k=1
2a = 0 (1fc+22)(1fc+1)ak+2 -a, _, =0
a: - D = %1

2 Qg

(k+2)(k+1)

2 ' 3
y(x)= \m(%x] v o3 (%‘*’J

y(x)= AiryAi[x] ¢, + AiryBi[x] c,
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0 (1'c+2)(1fvc+l)-:;-“2 -a,, =0 a =1 g,=0 a, =
0 a _ a,_
R (k+2)(k+1) 1, 1 1,
;,-'l(x)=]l+—,x +—x + —x +
6 180 12960
0 ;,-',(Jc]=x+lx“+Lx7 + o
2 = 0 : 12 504
= % :
2-3 1
a,‘ = _a(] ] 3 & ].
; x)=a,|1+-=-x"+— —
;‘—14 f; (%) 1776 T 180" T 12960
' a, = 56 i 4 s
a, 12 y,(x)=a|x+—=x*+—x" +
25" a. = 0 12 504
- _ % a = La
56 2:3:5-6 ¢ 180 ° E
a4 __ 4 =g
67 3-4-6-7 T 504 s
— aﬁ — 0 as = 0
7-8 1 P
_ 4 _ ___a % = 12960
89 235689 -15 -10 -5 5 10 15
- |




Find the first few terms of the power series solution

around x0 = 0 of the given differential equation. If possible, determine
the general series expansion and a closed form expression of the
solution.

1.y =x
2. y'=x2+2x+1
3.y =y+1
4.y —2xy=0
5 V'+(x+2)y=0
6.y"-y=0
7.y"+xy=0
8. y"— xzy =)
9. V' —xy'+2y=0
10. (l + ,X‘z)y" — yp’ +y= 0

[y
-

(142"~ 4"+ 6y =0
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