MTH 211 Ordinary Differential Equations

Growth and Decay

(Logistic Equation)
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Ordinary Differential Equations

Growth and Decay
(Harvesting Equation)

underharvesting : h < a

6

dy )
—=ay—-by = h
dt ’ )

critical harvesting: h = a overharvesting: h > a
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¥(t) = ﬁ((a + m)tm(% (c- X)\,/m)]
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MTH 211 Ordinary Differential Equations

Exact Equations

approximation error
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Ordinary Differential Equations

Exact Equations

y= f(xl’x?.)

y-— f(xlusxzu) = fi,(xlo’xzo)(xl - xlu) + fzf (xlc,"’czG )(x2 - xzu)

dy = fi’ (xluéxlu )dxl + f; (xlusxzﬂ )dxz
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MTH 211 Ordinary Differential Equations

Exact Equations

Example:[ z= f(x,y)=3x"y+5xy+y’ +5 then the differential of z is

dz = afax} ﬂaﬂld) (6:xy + 5y)dx + (3x +5x + 3y*)dy
x y

If therefore we started with the differential expression

(6xy + 5y)dx + (3x* +5x + 3y*)dy we would know that
it is the total differential of f(x,y),

A differential expression M (x,y)dx + N(x,y)dy is called an exact differential if it is
the total differential of a function f( x, y ), that is

2 (x)

M(x,y)=aa—xf(x,y) and - N(xy)=

Setting (6xy + 5y)dx + (3x2 +5x + 3}=2)dy equal to zero, we obtain the differential
equation

- (6xy + Sy)dx + (3x* +5x + 3y*)dy =0 » |
whose solution is

f(x,y)=3x3y+5xy+y}=c
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Ordinary Differential Equations

Exact Equations
Mdx+Ndy=dU with M _ 9N

dy  odx
aU oU |
M = a and N = dy Solving exact ODEs (algon
To find U: Mdx + Ndy = 0 when aﬂ =
If oM _ dN then —
av at _ J M ox
2. Find v
. . dU . dy
Mdx + f(y) then substitute U in — = N to resolve f(y) U
y . Set = N to resolve
dy
4. Set U= C

ﬁ
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Ordinary Differential Equations

Exact Equations

Mdx+ Ndy=dU with M _ 9N

ay—g

Example:
2xydx + (Jc2 + cos_v)dy =0

M=2xy N=x"+cosy

Therefore U exists such that

U

8_U_2 ) x* + cosy
ax dy Y

Integrating the first equation with respect to x gives U = x’y + f(y)
Now, substituting into the second equation, we have

X+ f'(y)=x"+cosy
= f'(y)=cosy or f(y)=siny

Hence U = x’y+ siny and the solution is x*y + siny=C

|
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MTH 211 Ordinary Differential Equations
Exact Equations
Mdx+ Ndy=dU with M _ 9N
dy  ox
¢ 1}"2 -1
* Solve: y'= — given y(1)=2
l—x"y

j (07 =1)ox =%‘2J’1 —x+f()

é l 22 \ 2 ’
a—(—x‘y‘ —X+f(y))=x'y+f ()
y\2

Now x*y+ f'(y)= x*y -1

I f'(y)dy = f(y)=-v
1

2 7 l 7 T
SoU=§x‘y‘=x=y and —x"y" —x—-y=C

2
y(1)=2=C=-1
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Ordinary Differential Equations

Solving Exact Differential Equations

* Find the general solution to each of the following exact differential equations.

d
a. 2xy + y* + [2xy—|—x2]ﬁ =0

d
b. 2xy® + 4x° + 3x2y2d—y =0
X

d
c. 2 —2x + 3" =0
dx
) 3 dy
d. 1 + 3x°y —|—[2xy—|—6y]d—=O
X

dy
e. 4x°y + [x4—y4]E =0

£1+ Iyl + 24 =9
y dx

: . d
g. 1+ ¢ 4+ x2 =0
dx

dy

h. ¢’ + [xe-"—i—l]dx
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Ordinary Differential Equations

Solving Exact Differential Equations

(1+ lnxy)d.x+( i]dy =0,
S

M=l+lnxy N=2>
y

P 1 9(x
—(1+Inxy)=—=—| —
8}-’( ) y 3?»’(}-'_]

d X
—|xlnxy+ f(y))=—
2 (xinry + 1(2)) =
Sothe =+ f'(y)= =~

y y

and xlnxy =C
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Miscellaneous Substitutions
(Homogeneous Equations)

dy 'y] y
e — = letu== or v=
| I f(_x_ u . Or y=ux
d d
4 the d—i=£x u ér+u;f(u)
3 Example:

dy x>+ 2xy
—_ = — =1+2=
dx x° X

du )
y du , S0 Ex+u:j(u];]l+2u
— | > x+u=flu
x dx f ()

u=Cx-1 |
ﬁ }"=CIE—I \i‘
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Miscellaneous Substitutions
(Homogeneous Equations)

12
4 @—I_}'— X
dx x+Y ]l+£
X
2/
}.‘
dy_x-y_'7}
5 ‘4 2 0 2 4 ( dx  x+v y
x

so —x+u=f(u)= - u
R 1 +u
N
A u——liJZ—E;
x‘
‘r‘=—xix_\/2—£,
i
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Solve the following homogeneous equations.

dy _
dx

1. 1+l
X

dy 'y ¥
2, ===+=; y)=1
PR y(1)

3. x'=2x+3y

MTH 211 Ordinary Differential Equations
Miscellaneous Substitutions
(Homogeneous Equations)
Try the following:
dy x+y b ﬂ=x2+xy+y‘j ¢ = v = 2\ dx — xdv =0
a) =1 ) - ) (y-»*—x*)dx - xdy

-2
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Gompertz Equation

dy

E=y(a—lny)

8
P> sy
A dz 1dy
6 / Let z= ]n.}.-, then — = ——
/ dt ydt
/ dr 1
i %y yiny)=a-s
/ il
/
A7 f
/ i
/
4
4 2 0 5 A r :

The function was originally designed to describe human mortality, but since has been modified to be applied
in biology, with regard to detailing populations. This function is especially useful in describing the rapid
growth of a certain population of organisms while also being able to account for the eventual horizontal
asymptote, once the carrying capacity is determined (plateau cell/population number). In the 1960s A.K. Laird
for the first time successfully used the Gompertz curve to fit data of growth of tumors. In fact, tumors are
cellular populations growing in a confined space where the availability of nutrients is limited. A generalized
logistic function, also called the Richards growth curve, is widely used in modelling COVID-19 infection
trajectories. This curve reduces to the logistic function, and in many cases converges to the Gompertz
function.
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Bernoulli Equations

dy
— 4+ p(x)}- — q(_x)}.'"
dx
n=2 n = 3 ("pitchfork" function)
41\
/ f
=2 O\ 2 4 € 7 ¥
o
) \\
. l @ — (1= ;A ﬂ ""n ’ : n "
Letv=y " = v dx =(l=n)y i l;n v+ p(x)wy" = g(x)y -
dy y' dv
dx 1-n dx 1

v+ p(x)v = g(x)
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Bernoulli Equations

Y+ p(x)y = q(x)y”

Solving Bernoulli ODEs (algorithm)

Divide by y”

. Set the y— factor of p(x)tov

W R =

Calculate
4. Rewrite in terms of v and v’

. Solve for v

wn

=2}

. Substitute back y
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Bernoulli Equations

y' + p(x)y=q(x)y"
Solving Bernoulli ODEs (algorithm)

1 Divide by v* Example: 4

viae by y Solve y,'*' (_Jv :xSy’.‘
2. Set the y— factor of p(x)tov X
3. Calculate V'

.. , 2.7 4 -1 _ .3
4. Rewrite in terms of vand v y oyt x y =X
5. Solve for v SO V= y‘l Vo= _y‘gy’
6. Substitute back y V4 (i]‘ —
X
Solving we get v =—x"Inx + Cx* or
-1

y =

T x¥lnx + Cx* |
. e
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Bernoulli Equations

dy N
— + = -
: p(x)y =q(x))y

Solve the following Bernoulli equations.

YTy e YT
d}" 2 2 d} 3

b. —— Yy = -I - fl 3 l+r‘- - =2 / J” _1
S -y=€) (1+22) 25 =200(y* 1)
d}" 3 1d\"' 4 l
_— = - | f-——=2rv=3 1)= —

c it v(x‘, ) g d ) y J() )
dV d\r‘ 3

d. t——(1+1t)y= h. =+ =1, y(0)=4
0 (L+t)y=1y vy D y(0)



