
Why Probability ? 

•  Statistics uses probability to convey inferential 
conclusions from sample data about a larger 
population. 

•  Probability distributions (e.g., normal, binomial) 
describe how data is spread. Understanding these 
distributions allows statisticians to solve probability 
problems with appropriate statistical methods.



Probability



Probability :
The convergent ratio of "successes" 
    over the number of trials where the
    trials are performed "ad infinitum".
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Probability :
To calculate we must have either

    •   a "history" of trials and successes

         or

    •   a complete mathematical representation
             of the system in question



Relative Frequency Histograms and 
Probability Distributions

Many statistics texts do not discuss the concept of 
probability density in detail, but you should keep 
the following ideas in mind about the curve that 
describes a continuous distribution (like the normal 
distribution).

 •  First, the area under the curve equals 1.

 •  Second, the probability of any exact value of 
          X is 0.

 •  Finally, the area under the curve and bounded 
          between two given points on the X-axis is the 
          probability that a number chosen at random 
          will fall between the two points.

Also,

    •   P(A)  =  1 - P(not A)

    •   P(A and B)  =  P( A) x P(B)

    •   P(A or B)  =  P( A) + P(B) -  P( A) x P(B)
 



Data Distributions  vs  Probability Distributions
Relative Frequency



•  The length of human pregnancies from conception to birth 
        approximates a normal distribution with a mean of 266 days and 
        a standard deviation of 16 days. 

         -  What proporton of pregnancies last less than 240  days ?

         -  What fraction of pregnancies last less than 240  days ?

          -  What percent of pregnancies last less than 240  days ?

          -  What is the probability that a pregnancy will last less than  
                   240  days ?

           - What length of time marks the shortest 70% of all
                   pregnancies?

Probability :



Data Distributions  vs  Probability Distributions



Discrete Distributions

Binomial Distribution Poisson Distribution



Continuous Distributions
Normal Distribution Standard Normal Distribution

Chi Square Distribution Fischer F Distribution

Student's t-Distribution





Standardize any Normal Distribution



Standardize any Normal Distribution
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z3 = -1.846
z5 =  -0.307

<-----------------------------------    0.379

<----------------    0.032

  0.379
- 0.032   
  0.347

<-----    area to the left of z5 =  -0.307
<-----    area to the left of z3 =  -1.846



54.18192
35.892855
43.481035
52.01798
39.49108
44.5143
46.19136
42.44947
42.29704
42.7461
42.59781
40.40228
43.073885
49.85313
53.366405
47.43559
52.86845
49.45608
46.12574
46.634265
43.163215
44.30296
46.201775

30.45626
31.67994
32.0594
32.39936
32.62553
33.24374
33.258925
33.52746
33.598535
33.705385
33.81445
33.844395
34.067885
34.21268
34.287395
34.290085
34.57939
35.09148
35.28027
35.369665
35.48374
35.509885

Population Size: 1000

MU : 45.117836

SIGMA : 4.894827

VAR  : 23.959327

Number of intervals:

10
20

45 5 ->  ->

1.0005

MU : 0

SIGMA :

VAR  : 1.001001

1.851768
-1.884639
-0.334394
1.409681
-1.149531
-0.123301
0.219318
-0.54514
-0.576281
-0.484539
-0.514835
-0.963375
-0.417574
0.967408
1.68516
0.473511
1.58343
0.886292
0.205912
0.309802
-0.399324
-0.166477
0.221446

Standard Normal Distribution



Areas and Probabilities  (Normal)

R E S E T

oneStep





Areas and Probabilities  (Geometric)

0.52 0.52 0.52

0.52

0.52 0.52 0.52

0.52

0.52

0.52

0.52 0.52 0.52 0.52

0.52

0.52 0.52 0.48

•  p ->

•  success at location ->





Areas and Probabilities  (Binomial)

•  Find the probability of "winning" 4 times in 10 rolls.

•  Find the probability of "winning" at most 3 times out of 10 rolls.

•  Find the probability of "winning" more than half the time out of 10 rolls.



Dice Simulator

Options
Number of Dice :
Number of Rolls :

Unbiased
Biased

Show Rolls

1 is not possible.
2
3
10
9
15
23
13
7
10
3
5
13 is not possible.

GO

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
:

1-2-3-4-5-6



Unbiased

Biased

GO

Options
Number of Coins :
Number of Trials :

2020
1980

Coin Simulator

H,H,H,H
T,H,T,T
T,H,T,T
H,T,T,T
T,T,T,H
H,H,T,T
T,H,T,T
T,T,H,T
H,T,T,H
H,H,T,H
T,T,T,H
H,H,T,T
H,H,T,H
H,T,T,H
H,T,T,H
T,T,H,T
T,H,H,T
H,H,T,H
T,T,T,H
T,H,H,T

Show Flips

Heads:
Tails:

Heads

Tails

4H, 0T
1H, 3T
1H, 3T
1H, 3T
1H, 3T
2H, 2T
1H, 3T
1H, 3T
2H, 2T
3H, 1T
1H, 3T
2H, 2T
3H, 1T
2H, 2T
2H, 2T
1H, 3T
2H, 2T
3H, 1T
1H, 3T
2H, 2T

How many occurences of                  heads?2

375



Areas and Probabilities 



50

50

50 65

65

650.010338

0.027099

0.972901

0.869663

0.130337

0.049133

50 65 0.842564

Areas and Probabilities  (Binomial)

•  p -> •  q ->

•  n ->





  0
  1
  2
  3
  4
  5
  6
  7
  8
  9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

Areas and Probabilities  (Poisson)

0.000045
0.000454
0.00227
0.007567
0.018917
0.037833
0.063055
0.090079
0.112599
0.12511
0.12511
0.113736
0.09478
0.072908
0.052077
0.034718
0.021699
0.012764
0.007091
0.003732
0.001866

0.000045
0.000499
0.002769
0.010336
0.029253
0.067086
0.130141
0.220221
0.33282
0.45793
0.58304
0.696776
0.791556
0.864464
0.916542
0.95126
0.972958
0.985722
0.992813
0.996546
0.998412

0.999955
0.999501
0.997231
0.989664
0.970747
0.932914
0.869859
0.779779
0.66718
0.54207
0.41696
0.303224
0.208444
0.135536
0.083458
0.04874
0.027042
0.014278
0.007187
0.003454
0.001588

•      ->

•  iterations ->

x P (X )= x P (X ) ≤ x P (X ) >  x



"Continuity" correction:



"Continuity" correction:



Data Distributions  vs  Probability Distributions



NextPrevious

Sampling



NextPrevious

Sampling  Strategies
Simple Random

Convenience

Systematic

Cluster
Stratified



NextPrevious

Sampling  Bias

- when you inadequately represent some members of your population in the 
sample

- only viewers who have strong opinions on who should win will participate

-  the sample is taken from a group of people easy to contact or to reach

-   snail mail survey for young adults or a smartphone survey for older adults

-   they may feel pressure to give answers that are socially acceptable

-   "Trump deniabilty syndrome"



Taking Samples



The Central Limit Theorem



9
12
5
86
40
59
56
41
67
90
28
25
41
87
45
57
52
66
6
53
75
9
50
59
18
54
23
41
23
79

1,0
2,0
3,0
4,0
5,0
6,0
7,0
8,0
9,0

Population Size: 1000

MU : 47.833

SIGMA : 28.451909

VAR  : 809.511111

Number of intervals:

10
20

 -> 23

 -> 12

0.7

20 ->n
p  ->

4.498642

4.73284

47.235

200

40

41
60
46
49
40
47
48

Number of Samples:

Sample. Size:

Mean of Sampling 
    Distribution:

Standard Deviation of
Sampling  Distribution:

Standard Error:
  (Calculated)

S A M P L E

Sampling Distribution (Means)

4

41
60
46
49
40
47
48

The Sample Means ->



38.74143
43.872575
47.267935
46.36969
42.915405
42.476595
39.808655
48.183385
42.586495
41.43956
44.89463
43.013315
46.302685
41.77489
43.06863
50.35646
48.2664
50.414525
40.88248
40.74122
47.52037
40.720565
44.422945
42.30853
51.88333
52.57869
47.945695
34.611375
39.758985
44.457065

1,0
2,0
3,0
4,0
5,0
6,0
7,0
8,1
9,2

Population Size: 250

MU : 46.000152

SIGMA : 4.948392

VAR  : 24.486585

Number of intervals:

10
20

 -> 45

 -> 5

.3

23 ->n
p  ->

1.106494

8.002262

27.77631

1000

20

24.204492
21.222731
18.323219
38.365874
20.767585
29.274353
29.657337

Number of Samples:

Sample. Size:

Mean of Sampling 
    Distribution:

Standard Deviation of
Sampling  Distribution:

Standard Error:
  (Calculated)

S A M P L E

Sampling Distribution (Variances)

4



42
15
9
21
75
39
6
40
14
92
15
81
93
7
16
33
96
70
91
89
8
90
25
38
78
72
43
90
73
95

1,0
2,0
3,0
4,0
5,0
6,0
7,0
8,0
9,0

Population Size: 1000

MU : 51.807

SIGMA : 28.967115

VAR  : 839.093751

Number of intervals:

10
20

 -> 45

 -> 5

.3

23 ->n
p  ->

9.160206

4.394522

31.442935

400

10

27.207025
33.905096
33.206425
28.915586
33.704599
24.103942
36.727223

Number of Samples:

Sample. Size:

Mean of Sampling 
    Distribution:

Standard Deviation of
Sampling  Distribution:

Standard Error:
  (Calculated)

S A M P L E

Sampling Distribution (Standard Deviations)

4



0.199306
0.799585
0.374885
0.200966
0.509928
0.277578
0.469981
0.09826
0.452332
0.066416
0.045135
0.126353
0.7608
0.344967
0.251028
0.225529
0.013588
0.115985
0.054288
0.182661
0.396463
0.087557
0.015068
0.038997
0.479995
0.041018
0.008685
0.094236
0.073575
0.157372

,1,1,1,2,2,2,1,1,1,1,1,1,1,1,2,1,3,1,1,1,2,2,1,1,2,2,1,1,1,1,1,1,1,2,1,1,3,2,1,2,1,1,1,1,1,1,1,1,1,1,1,2,1,1,1,2,1,2,1,1,1,1,1,1,1,1,1,1,1,1,2,1,4,2,1,1,1,1,1,3,2,3,1,1,1,1,1,1,2,2,1,2,1,1,1,1,2,2,1,1,1,1,1,1,2,4,1,1,1,2,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,2,1,1,1,1,1,1,1,1,1,1,1,2,1,1,1,1,2,2,1,1,1,1,1,2,1,2,2,2,1,1,1,1,2,2,1,1,2,1,1,2,1,1,1,1,1,1,1,1,2,3,3,1,1,1,1,1,1,1,1,1,1,1,3,2,1,1,2,2,1,1,6,2,1,3,1,1,1,1,1,1,1,1,1,4,1,1,3,2,1,4,2,1,3,1,1,1,1,1,2,1,3,1,1,1,1,1,2,1,1,1,2,1,1,2,1,1,1,2,1,1,1,1,3,2,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,2,2,1,1,1,3,1,1,2,1,1,3,1,4,2,3,1,1,1,1,1,2,2,1,1,1,1,1,1,2,1,3,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,2,1,1,1,1,1,1,1,1,1,1,5,1,1,1,1,1,1,2,1,1,1,1,1,1,2,1,1,1,1,1,1,1,1,1,1,1,2,1,2,2,1,1,1,1,1,1,1,2,1,1,1,1,1,2,2,1,2,1,1,1,1,1,1,1,1,2,2,1,1,2,1,5,1,1,1,2,3,1,1,2,3,1,1,3,1,1,1,1,1,1,2,1,2,1,5,1,1,1,1,1,1,1,3,1,1,1,1,1,1,2,1,1,1,1,1,2,1,3,1,1,1,1,1,2,2,1,1,3,1,1,1,1,1,1,2,2,1,1,2,1,1,1,2,1,2,1,1,1,1,3,1,1,1,1,1,2,1,1,2,1,1,2,2,1,1,2,1,1,1,1,1,1,2,1,1,1,1,2,1,2,1,1,1,1,1,1,1,1,2,1,2,1,1,1,1,3,1,1,3,2,1,1,2,1,1,1,2,1,1,1,1,2,1,1,1,1,1,1,1,1,1,1,1,2,1,2,2,1,1,1,1,1,1,1,2,1,2,1,1,2,2,1,1,1,1,2,1,1,1,1,1,1,1,1,1,1,1,1,1,1,2,2,1,2,1,1,1,1,1,1,3,2,1,2,1,1,1,1,1,2,1,2,1,1,1,1,1,2,1,1,1,2,1,1,2,1,1,1,3,3,4,1,2,2,1,1,1,1,2,1,1,1,1,1,1,2,1,1,2,1,1,3,1,4,1,2,1,1,1,1,1,1,2,1,1,1,1,1,1,3,1,2,2,1,2,3,3,4,2,1,1,3,1,1,1,1,1,1,1,2,1,1,2,1,2,1,1,2,1,1,1,1,1,1,1,1,1,1,1,1,1,2,2,1,1,2,1,1,1,1,3,1,2,1,1,2,1,2,1,1,1,4,1,1,1,3,1,1,2,1,1,1,1,1,1,1,1,1,1,1,1,2,1,1,1,1,1,12,0
2,0
3,0
4,0
5,0
6,0
7,0
8,0
9,0

Population Size: 200

MU : 0.249429

SIGMA : 0.227932

VAR  : 0.051953

Number of intervals:

10
20

 -> 13

 -> 12

.7

25 ->n
p  ->

0.101934

0.216379

0.427265

1000

5

0.185286
0.674138
0.187998
0.201304
0.229787
0.439457
0.244715

Number of Samples:

Sample. Size:

Mean of Sampling 
    Distribution:

Standard Deviation of
Sampling  Distribution:

Standard Error:
  (Calculated)

S A M P L E

Sampling Distribution (Ranges)

RANGE : 1.316969

4



24
30
25
29
28
29
19
24
20
20
30
17
22
22
31
28
24
22
18
18
32
18
24
12
24
21
32
24
22
23

1,0
2,0
3,0
4,0
5,0
6,0
7,0
8,0
9,0

Population Size: 250

MU : 23.32

SIGMA : 5.26665

VAR  : 27.7376

Number of intervals:

10
20

 -> 23

 -> 12

.3

23 ->n
p  ->

0.588829

0.648074

22

100

80

22
21
21
22
22
22
22

Number of Samples:

Sample. Size:

Mean of Sampling 
    Distribution:

Standard Deviation of
Sampling  Distribution:

Standard Error:
  (Calculated)

S A M P L E

Sampling Distribution (Medians)

4

MEDIAN: 27.7376
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