Lecture Notes

Trigonometric Integrals 1

page 1

Sample Problems

Compute each of the following integrals. Assume that a and b are positive numbers.

1. /sinx dx
2. /cos5a: dx

coszsin* z dz
csc2  dx

tanz dx

6. /COt:L’ dx
7. /secx dzx

=~
—_— — —

1. /cosBm dx
. /sin (43:— g) dx

3. /sec@tan@ db

. /se029 do

5. /:L'tan (:1:2) dx

[\

W

6. /cot (22 — ) dx

7. /cost dx
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8. /CSCJ} dx
9. /sian dx

10. /sin3x dz
11. /sin4x dx
12. /sin5x dz
13. /a2 +1b2332 dz
14. / a21— = dx

Practice Problems

8. /COS2 (2z) dx
9. /cos?’a: dx

10. /cos4x dx

11. /cos5x dz

12. /sin:rcos533 dx
13. /sin3xcos5a: dx
14. /tanQ:E dx

15

16

17

18.

19

20

15

16.

17.

18.

19.

sec (v/2)

.| —=d
z x

/3

. /\/1+cos2:c dzx
0

/2

. /\/1 —cosz dx
0

/tan3 z dx

sin 7x cos 3x dx
sin 10z sin 4x dx

|
|

/6

. /\/1—00563; dx

0

/ sin 2a cos 8a da
/ cosbcos11b db
/ sin 60 sin 1460 d6

/COS 11msin 3m dm

Last revised: December 8, 2013



Lecture Notes Trigonometric Integrals 1 page 2

Sample Problems - Answers

1 1
1.) —cosz+C  2) gsinf)x—i—C 3.) gsin5x+C’ 4) —cotz+C  5.) —lIn|cosz|+C =lIn|secz|+C

1 1
6.) Inlsinz|+ C 7.) In|secx +tanz|+ C 8.) —lIn|escz + cotzx|+C 9.) ix—zsin2x+0

1 1 1 3 2 1
10.) =cos>x —cosz +C 11.) —=sin2z + ——sinde + -z +C 12.) —cosx+§cos3x—gcos5:c+0

3 4 32 8
13.) ibtan_1 <b$> +C  14) sin! (£> +C 15.) 2In|sec (y/z) + tan (/)| + C 16.) \gé
a a a

1 1 1 1 1
17.) 2v/2-2 18) isec2x+ln\cosx\+0 19.) —2—000810x—§cos4x+0 20.) Esin&v—%sinlé}x—l—c

Practice Problems - Answers

1 1

1.) gsin3x+C’ 2.) —=cos (4;13 - E) +C 3.) secf+C 4.) tanf+C 5.) iln |sec (#%)| + C
1 . 1 L. 1 1. . 1.3

6.) §ln\sm(2x—7r)\ +C 7.) §x+zsm2x+0 8.) §x+§sm4x+0 9.) sinz — 3 sin xz+C

3 1 1 1 2 1
10.) —z+ =sin2z + ——sindz +C  11.) fsin5a:—§sin3m+sinx+0 12.) —60086374-0

8 4 32 5
1 1 2 1 1
13.) —écos6x+§cos8x+0 14.) —z+tanz+C 15.) \3[ 16.) Ecos6a—2—ocosl()a+(]
17) = sinl0b+ —sin12b+C  18) — sin80 — — sin200 + C 19) = cos8m — — cos 14m + C
) 5gsin 5 Sin ) 1gsin 2050 ) 1g o8 8m — ¢ cos L4m
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Sample Problems - Solutions

1. /sinx dz

Solution: This is a basic integral we know from differentiating basic trigonometric functions. Since

d d
7g CO8F =~ sin x, clearly e (—cosx) = sinz and so /sin:c dz :.
x x

2. /cos5m dx

d
Solution: We know that . cosx = —sinx + C. We will use substitution. Let v = 5z and then du = 5dx
T

/cosEm; da::/cosu (d5u> :;/cosu du = ésin5x+C

Note: Once we have enough practice, there is no need to perform this substitution in writing. We can just

1
simply write /cos S5t dr = 3 sin b5z + C.

and so dgu =dux.

3. /cosxsin4x dz

Solution: Let ©w =sinz. Then du = coszdzx.

1 1
/cosxsin4x da::/sin4m (cosxda:):/u4u:5u5+C: gsin5:1:+C

4. /csczx dzx
2

d
Solution: We need to remember that e cotx = —csc” .
T

/cscmx:_/_csc%dx:

5. /tanx dx

Solution: Let uw = cosz. Then du = —sinz dzx.
sin x 1 . 1 1
tanx dr = de = | — (sinzdu)= | — (—du)=— [ —du=—In|u|+C = —1In|cosz| + C
CoS T U U U

= ln‘(cosx)_l’—i—C: In|secz| + C
6. /cotx dx

Solution: Let w =sinz. Then du = cosz dz.

1 1
/cotx da::/c.osa7 da::/ (cosxdu):/du:ln|u|+C: In|sinz| + C
sin x u u
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Lecture Notes Trigonometric Integrals 1 page 4

7. /secx dzx

. secx + tanx sec? x + secztan e
Solution: /secaz dr = /sec:r —— dx = / dx
secx + tanx secx + tanx

d d

From here we will use substitution. Recall that e secx = secxtanz and — tanxz = sec?z. Let u =
T T

secx + tanx. Then du = (secxtanm + sec? :Jc) dx.

2

5 3 t 1 1

/bec v secrtany dx:/ (sec2a?+sec:1:tanx)dx:/ du:ln]u\—i—C’z’ln\secx—i—tanm[—FC‘
secx +tanz U U

8. /Cscm dzx

. cscx + cotx csc? ¢ + cscx cot
Solution: /cscaz dr = /csc:c ——dx = / dx
cscx + cotx cscx + cotx

d d
From here we will use substitution. Recall that — cscx = —cscxcotx and — cotx = —csc?z.  Let
T T
2 x — cscx cot w) dzx.

12 t 1 1 1
/CSC z +cscxcotz de = / (c502x+cscxcot:c)d:c:/ (—du):—/ du=—Inlu|+C
w u

cscx + cotx

u=-cscx +cotx. Then du = (— csc

= ’—ln]csca:+cotm[+0‘

9. /sin2:c dx

Solution: Recall the double angle formula for cosine, cos 2z = 1 — 2sin? z.  We solve this for sin? z

1
2r= 5(1*C082$)

1 1 1
(1 — cos2z) da:—2</1 da:—/cos2x dac) —2(w+01—2sin2x+02>

sin

N | =

/sian dr = /
1

1
= §w—zsin2w+0

10. /sin3:n dx

Solution:
/sin3a: dxr = /sinxsinzx dr = /sin:c (1 — cos? 33) dx
Let u = cosz. Then du = —sinzdx
/sin3x de = /sinx (1- cos? z) do = / (1- cos? ) (sinzdr) = / (1- u2) (—du) = / (u2 —1)du

1 1
= §u3—u+C’: gcos3:r—cos:r+0
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11.

12.

13.

/ sint z dx
2

Solution: We use the double angle formula for cosine to express sin” x.

2

cos2z =1—2sinz = sin®z = - (1 — cos2z)

N | =

1 2 1 1
/sin4xdx:/(sin2:c)2 dm:/<2(1—cos2:1:)> d:)::4/(1—cos2:1:)2 dx:4/(1—200823:+c0522x) dz

We use the double angle formula for cosine again to express cos? 2x.

1
cosdr =2cos’2z —1 = cos’2z = 3 (cosdx + 1)

1 1 1
/sin4ac de = 4/(1—2cos2x+00822m) d:c—4/(1—2cos2x+2(cos4x+1)> dx

1 1 1 1 1 1 3
= S~ Zcos2z + - cosda + - = [ (== cos2z+ = cosdz + =
/<4 2cos x+8cos x+8> dx /( 2cos m+8(:os m+8> dx

1/1\ . 1/1\ . 3 1 . 1 . 3
= -5 <2> 51n2$—|—8(4> SID4IE—|—§£E+C— —Zsm2m—|—§sm4m+§$—|—0

/ sin® z dx

Solution: This method works with odd powers of sin z or cosxz. We will separate one factor of sinx from the
rest which will be expressed in terms of cos .

/sin5x de = /sinmsin4x dr = /sinxsin4:c der = /sinx (sin2 x)2 dr = /sinx (1 — cos? :c)2 dx
= /sinx(1—20082m+cos4x) dx
We proceed with substitution. Let u = cosxz. Then du = — sin zdzx.
/sin5 rdr = /sin:p (1 —2cos’z +cos?z) dz = / (1 —2cos’z +cos'z) (sinzdz)

- /(1—2u2+u4) (—du):/(—1+2u2—u4) du:—u+§u3—%u5+0

2
= —cosa:—i-gcos?'a;— gcos5a:+C

1
/ a? + b2z dx

Solution: The basic integral here is / dr = tan~'2 + C. We need a substitution under which

2
¢+ 1
a?x? = b2u?. This would be convenient because then

1 1 1 1

a2x2 + b2 b2+ 02 b2 w2+ 1
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14.

15.

16.

a
So we will pursue this substitution. We solve a?z? = b%u? for a possible value of u and obtain u = E‘T Then

du = gd:c and so édu = dx.
b a

1 1 b b b 1 1
- d — - d . du = — — = d t —1
/a2x2—|—b2 v /b2u2—i—b2 <a u) /b2 w+1 a b ab2/u2+1 T utC

— | (Le) c

1
/ va? — x? de

1
Solution: The basic integral here is / —— dx =sin"'z+ C. We need a substitution under which
2 2.2 " L—a?

2% = a“u”. This would be useful because then
1 B 1 B 1 B 1
Va2 —22  Va?—-ad*u? a2 (1—u?) avl—u?

2

So we will pursue this substitution. We solve 2 = a?u? for a possible value of u and obtain z = au and

dxr = adu.
1 1 a 1 T
— —de= | ——— (adu)= | ——du= | —— du— =sin" tu+C =|sin" ! (Z) +C
/\/a2—x2 /\/aQ—a2u2( ) /a\/l—u2 /\/1—u2 <a)

sec\(}x/:f) P

Let w = \/z. Then du—ﬁdx
see (V) r = sec (v/7) T = sec (Vz) | =—=dx secu du = 21n[secu + tanu

NG d 2 fd 2/ (f)<2fd) 2/ du = 2In |secu + tanu| + C

= |2In|sec (v/z) + tan (V)| + C

X

w/3

/ v 1+ cos2x dx
0

Solution: We will yet again use the double angle formula for cosine, this time to eliminate the square root.

cos2r =2cos’x —1 = 2cos’z =cos2z+1

/3 /3 /3 w/3

/\/1+c052x dm:/v2cosza: da::\/i/\/cos?a: dmz\/i/|cosx| dx
0 0 0 0

. . .. s . .
Since f (z) = cosz is positive on {O, g] , we can simplify |cos x| = cosx

7r/3> :\f2<sing—sin0> :\@<ﬁ_0> - \f

w/3 /3

\/§/|COS£L‘| d:c:\@/cosx d$:\/§(sinx
0 0

0 2
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17.

18.

19.

(© copyright Hidegkuti, Powell, 2012

w/2

/\/1—(305:1: dzx
0

Solution:
cos20 =1—2sin’0 = 2sin’0 =1 — cos?26

We substitute 0 = g into this and obtain

Lo X
2sin?> =1 —cosz

w/2 /2 /2

/\/l—cosx dx:/UQSinzgdx:\fQ/‘sin;’ dx
0 0

0
sin —| = sin —
2 2

x
Since f (z) = sin B is non-negative on [0, g} , we can simplify

T z|™? x
\/§ sm§ dr = \/§ —2 cos§ = —2\/§ COS§
0

0

2

= —2ﬂ<ﬁ—1> =-24+2V2={2v2-2

/tan3 T dx

Solution: Let w =cosz. Then du = —sinxzdz

Mz) =—2V2 (cos% — Cos 0)

3 sin® x . sin’z 1—cos’z 1—u? u? —1
tan®x dr = s dr= [ sinz———dr= [ ———— sinzdr = s (—du) = 57— du
cos3 cos3 cos3 u u

u? 1 1 u=? 1

1
= In|cosz| —|—§se02x+0

/ sin 7x cos 3x dx

Solution: We wil use the product-to-sum identities to trasform this product into a sum.

formula for the sum and the difference of these two angles.

sin1l0x = sin(7x 4 3z) = sin 7z cos 3z + cos Tz sin 3z

sindr = sin(7x — 3x) = sin Tz cos 3x — cos Tz sin 3z
We will add the two equations

sinl10xz + sindx = 2sin7xcos3x

1
5 (sin10z +sindx) = sin7zcos3z

1
We can very easily integrate 3 (sin 10z + sin 4x)

We write the sine

1 1
/sin?mcosSa: de = /2(sin 10z + sindz) dz = 2/Sin10:r+sin4az dx
1/1 1/1 1 1
= (=) (~cost S5 (—cos4 —|—— cos10z — = cos 4
2<10>( cos OJ:)—I—2(4( cos :L‘)>+C 20cos 0z 8COS x4+ C
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20. /sin 10z sin4x dx

Solution: We wil use the product-to-sum identities to trasform this product into a sum. We write the cosine
formula for the sum and the difference of these two angles.

cosl4z = cos(10z + 4z) = cos 10x cos 4z — sin 10z sin 4x

cosbx = cos(10z — 4z) = cos 10x cos 4z + sin 10z sin 4z
We will subtract the first equation from the first one

cosbx —cos1l4dx = 2sin10xsindz

1
3 (cos b6z —cos14z) = sinlOxsindz

1
We can very easily integrate 3 (cos 6x — cos 14x)

1 1
/sin 10z sindx doe = /2 (cos6x — cos 14x) dx = 5 /COS 6x — cos 14z dx

1/1 1/1 1 1
= 3 (6) (sin6x) — 3 <14 (sin 143:)> +C = Esin 6x — T sin 14z + C

For more documents like this, visit our page at http://www.teaching.martahidegkuti.com and click on Lecture
Notes. E-mail questions or comments to mhidegkuti@ccc.edu.
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Sample Problems

Compute each of the following integrals.

1-/ ! dx 4./$2da: 7./$6dﬂs
va? +4 V16 — 22 V1— g4
2./\/1—332d$ 5./\/x2+4d:c
y tan~ !z
o —— o [
Vaz -9 Va2 +9 0

Practice Problems

Compute each of the following integrals. Please note that some of the integrals can also be solved using other,
previously seen methods.

1
1. - dzx 5. /\/16—$2 dx 9. /\/x2+1 dx
/\/x2—25
T 1
2. / dx 6. / dx / 1
— 10. | —— dz
Va2 —25 V16— ViZ+1
22 / z
Va2 — 25 V16 — 22 11./ dz
! ViZ 1

2
x
4. Va2 —25d 8./d33
/ v v V16 — 22

2
a
12. — dx
/ vz +1
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Sample Problems - Answers

1 1
1.) ln’x—l—\/x2+4‘+0 2.) §sin_1x+§x\/1—x2+0 3.) ln‘:c+\/w2—9’+0

1 1
4.) 8sin~! (%) —im\/16—x2+0 5.) ix\/x2+4+21n‘x+\/x2+4)+0

1 9 1
6.) ix\/mQ +9-— iln ‘m + Va? + 9‘ +C 7.) ?sin*1 (") +C 8.) T

Practice Problems - Answers
1) et VT30 2) VT B 40 3) %xm+§mx+m1+c
4.) %xm — 2; In ‘a: + m, +C 5.) 8sin 1 (%) + %x\/m—i- o 6.) sin~1 <%> +C
7) —V16—22+C 8.) 8sin~! <%>—%x\/16—7x2+6' 9.) %x\/er%ln’er\/m’JrC

1 1
10.) Injz+ Va2 +1|+C 11.) Va?4+1+C 12.) §:cx/a:2+1—§ln’x+\/x2+l’+6'
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Sample Problems - Solutions

Trigonometric substitution is a technique of integration. It is especially useful in handling expressions under a square
root sign.
Case 1. The substitution z = atanf. This is useful in handling an integral involving vz2 + a2.

T s x T
Let x = atan 8 where —3 <0< 5 (That is the same thing as stating that § = tan~! ~. The interval between —5
a

T
and — is the domain of the inverse function tan=!z.)

The picture below shows the reference triangle we use for this substitution.

Using this triangle, we do not have to do heavy duty algebra because we can read (up to sign) the trigonometric
functions of 6 in terms of x and a.

1
Example 1: Compute the integral / dz.
P b R

Solution: We will use a trigonometric substitution. We start with a reference triangle where the hypotenuse is the

Fs s
denominator. Using the substitution = 2tan 6, (where —3 <0< 5) we will transform the integral into one in 6.

From the triangle, = 2tanf. Then dx = 2sec?f df. The expression v22 + 4 becomes 2secf - using the picture,

or using algebra. Recall the identity tan?z + 1 = sec® x

Va2 +4=1/(2tan0)*> +4 = V4tan2 0 + 4 = V4/tan2 0 + 1 = 2Vsec2 0 = 2 [sec )|

.. . ™ T . o
Because 6 is in the interval —55 ) seca is positive and so |sec z| = secx.

1 B 1 9 B
/\/m dm_/QsecH (QSec 49d9) —/seCH db

This is an integral we have already seen: we can either use substitution (see in that handout) or partial fraction(see
in that handout). Either way,

/sec0 df = In|secf + tan 6| + C

Now we need to reverse the substitution and write the result as an expression of x. This is where the reference
triangle comes handy.

214
sec = % and tanf = g
Thus th i / L gpem | Y5 T o T i be further simplified
us € answer 1s — aqr =11 | — . 1S exXpression can pe furtner simplineda:
Va? 1 4 2 2 P P

x2 4+ 4

5 +C=1In

In

Va2 +4+ o
2

—|—C:ln’\/x2—|—4+x‘—1n2+C:1n‘\/x2—|—4+:c‘—|—C

L@
2
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and so the final answer is | In ’\/xz + 4+ x’ +C|

Case 2. The substitution = asin # where —g <0 <Z. This is useful in handling an integral involving v/a? — z2.

The picture below shows the reference triangle we use for this substitution.

Using this triangle, we can read (up to sign) the trigonometric functions of € in terms of = and a.

Example 2: Compute the integral [ 1 — 22 dx.

Solution: This is a very famous integral because it leads to the area formula of the unit circle. We will use a
trigonometric substitution. We start with a reference triangle where the /1 — 22 is one of the legs. Using the

substitution z = sin 0, (—g <0< g) we will transform the integral into one in 6.

M
x
S,

y1-=*

From the triangle, x = sinf. Then dz = cosf df. The expression V1 — 22 becomes

V1—22=1/1—sin20 = Vcos? 0 = |cos 6|

.. . ™ T . ..
Because 6 is in the interval —grg ) CosT s positive and so |cos x| = cos x.

/\/1332 dx:/cose (cos@ d9):/cos29 db

This is an integral we have already seen; we can simplify it using the double angle formula for cosine.

1
cos20 =2cos’f —1 = cos’f = 5(00520—1—1)

/cos29d0 = /;(COSQ@-F:[) d@zé/cos%’—i—ld&:;<;sin29+9>+0

= % (; (251n00080)+9> +C = %sin@cos@—&- %04—0

Now we need to reverse the substitution and write the result as an expression of x. This is where the reference
triangle comes handy.

sinf=x, cosf@=+1-22 and O=sin"'z

1 1 1 1
Thus the answer is /\/1 — 22 dx = 5sin«9cos€ + 594— C= 5:{:\/1 — 2+ isin_lx +C
1
Note that if we now compute / V1 — 22 dx the result is the area of the unit semi-circle, g

-1

(© copyright Hidegkuti, Powell, 2012 Last revised: February 6, 2016
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Case 3. The substitution = asecd where 0 < § < ~. This is useful in handling an integral involving vz2 — a2.

The picture below shows the reference triangle we use for this substitution.

//I e
g
a

Using this triangle, we can read (up to sign) the trigonometric functions of 6 in terms of x and a.

1
Example 3: Compute the integral / dzx.
p p g =

Solution: We will use a trigonometric substitution. We start with a reference triangle where the hypotenuse is  and
one shorter side is 3. Using the substitution x = 3secf, we will transform the integral into one in 6.

//l e
S,
3

From the triangle, z = 3sec. Then dx = 3secftanf df. The expression V22 — 9 becomes 3tan6 - either from
the picture or using algebra. Recall the identity sec? z = tan®z + 1

Va2 —9=1/(3sec)’ —9 = /9sec20 — 9 = V9v/sec20 — 1 = 3Vtan? 0 = 3 |tan 6|

T . o
Because 0 < 0 < 5 tan 0 is positive and so [tan | = tan6.

1 1
/\/m dx:/?)tane (3S€C€tan9 d@):/sece do
Again,
/sec& df = In|secf + tand| + C

Now we need to reverse the substitution and write the result as an expression of x. This is where the reference
triangle comes handy.

79
secﬁz% and tané?:mT
Thus th / L nfsect+tang) - 0= |Z 4 YT 20 Lo w, till simplify this result
us the answer is | —— dx = In [sec an =In|= . We can still simpli is resu
V2 =9 3 3 PRy
a bit:
2_9 2_9
1n§+L3 IO MY e St V;+C’zln‘x—|—\/:£2—9‘—ln3+C:1n‘3:+\/3:2—9‘+C'2
1
Thus the final answer is /29 dx =1n )ZE + V2 — 9‘ +C |
x_
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2
T
Example 4: Compute the integral / dz
p p g 16— 22
Solution: Let z = 4sin 6 where —g <6< g Then dz = 4 cosf df and

\/16—ac2 \/16—1681n 0 = V16V 1 —sin?0 = 4V cos? § = 4|cos 0|

Because —g <0< g, cos 0 is non-negative, and |cosf| = cosf. So the integral is
x? 16sin? 0 . 9 . 9
/m / 1cos 0 4cos@d9):/16sm 9d9:16/sm 0 do
1
By the double angle formula for cosine, cos20 = 1 — 2sin?d = sin?f = 3 (1 — cos20)

1 1
= 16/sin29 d9:16/2(lcos29) d0:8/1c0320 d9:8<92sin29+0>
= 80 —4sin20+C

/w o
V16 — x2

Now we need to reverse the substitution and write the result as an expression of x. This is where the reference
triangle comes handy. Recall that £ = 4sin and so

0 = sin! (Z) and
2 1
sin20 — 2sin9cos9:2sm0\/1—sin29:2(5) \/1—($) :x\/(16—x2)
4 1) “2V 16
1 |
= ’;(4) V16— a? = SaV/16 - a?

1
And so the final answer is / \/172 dx = 80 — 4sin 20 + C =[8sin~! (%) — im\/ 16 —22+C
-

Example 5: Compute the integral / Va2 +4dx

™

Solution: Let z = 2tan 8 where 75 <p< 5" Then dx = 2sec? 3 df3 and

/\/:1:2—1—4d$ = /\/4tan26+4 (ZSec2B dﬁ) :/2 tan? 3 + 1 (256(}25 dﬂ) :4/|secﬁ\ (sec26 dﬁ) =
= 4/secﬁ (seczﬁ d,B) :4/se635 dg

We will compute / sec® B df3 by parts.
Let v = sec 8 and dv = sec? 8 df3. Then

du = sec S tan Bdf and v:/dv:/seczﬁ dg

u = sec 3 v =tanf
du = secStan 8 df | dv = sec? B dfs

In short,

(© copyright Hidegkuti, Powell, 2012 Last revised: February 6, 2016
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/u dv = uv—/v du becomes

/secﬂ sec?B3dB = secﬂtanﬁ—/tanﬁ sec Btan 8 dS
/sec?’ﬁ dg = sec,@tan,@/tan2ﬁ sec 3 dB
/sec35 g = secﬂtanﬂ—/(secQﬂ—l)secB g
/sec?’ﬁ dg = secﬁtanﬁ—/sec?’ﬁ—secﬁ ds

recall tan? 8+ 1 = sec? 8

/sec3ﬂ dg = sec,@tan,@—/sec‘q’B dﬁ—i—/secﬁ dg

2/sec35 dg = secﬂtanﬁ—i—/secﬁ dg

2/86035 df = secftanf + In|sec B + tan 3|+ C

1 1
/sec36d5 = isecﬂtanﬁ+§ln|secﬁ+tanﬂ]+C

Now the original integral is

/\/a:2+4 de = 4/sec3ﬁ dﬁz4(;secﬁtanﬁ+;1n|secﬁ+tanﬁ]) +C

= 2secftanf + 2In|secf + tan g| + C

Now we need to reverse the substitution and write the result as an expression of . Recall that x = 2tan /3. Then

tan 8 = g and

2 1 1
secB:\/tan2B+1:\/<:;> +1:\/4x2+1: 4x2+4 \/$2

and so

1 1

/\/m2+4d:1: = 2secﬁtanﬁ+21nsecﬂ+tanﬂ|+C:2<2 x2+4> (g)—f—ﬂni
1

:§x\/m2+4+2<1n’x+\/x2—|—4’—ln2)+C’

x—i—

= fx\/:vQ 4+2In
1
= §x\/$2+4+21n‘$+\/x2+4‘—21n2+C:

(© copyright Hidegkuti, Powell, 2012

x2+4+§‘+0

1
5:m/:c2+4+21n‘ag+\/a:2+4‘ +C

Last revised: February 6, 2016
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Example 6: Compute the integral

[

Let x = 3tan 6 where —g <0< g Then dx = 3sec? 0df and

x 9tan? 6 9tan? 0 9tan? 0
——dz = —— =~ (3sec’ db :/ 3sec? 6 db z/ 3sec? 0 db
/\/m2—|—9 V9tanZ6 + 9 ( ) 3vtan?0 + 1 ( ) 3 [sec 6] ( )
2
= /Qtan f (3sec29 d@) :9/tan2¢9se09 d9:9/(86029—1)sec0 do
3secd

= 9/se030—se(:0 d9—9/86030 d@—9/sec€ do

We know that / sec df = In|sec + tan 6| + C and from the previous computation we have that

1 1
/sec3 0 do = 3 sectanf + 5 In|secd + tanf| + C. So that the integral is

T
——dxr = 9/56039 d0—9/se69 d0—9<secetan9+ In sec@+tanl9> —9lnlsecld + tanb| + C

9 9 9 9
= isecetanﬂJr §1n|sec9+tan0| —9In|secd 4 tanf| + C = isecﬁtanﬂ - §1n|sec9+tan0| +C

Now we need to reverse the substitution and write the result as an expression of z. Recall that x = 3tan6f. Then
x
tanf = — and

2 1 1 1
secl = \/tan? 0 + :\/<§) +1=\/9x2+1:\/9(.%'2+9)=3 2249

and so
1 1
/\/xzﬁdx = gsecﬁtane—gln\sece—i—tanG]—i—C:Z<3 m2+9> <§)—gln <3 x2+9>+:§‘+0
1 9 249 1 9
= §x\/x2+9—71 vt +C:§x\/x2+9—§(ln)x—l—\/x2+9‘—ln3>—I-C'
1 1
= 530\/:62—1—9—gln’x+\/x2+9‘+%ln3+0: §x\/m2+9—gln‘x+\/x2+9‘+0
T
Example7 /m dﬂf

Solution: Let u = 27. Then du = 72%dx and so dz = 7—u6. Then the integral becomes
T

/W?xﬁz

We can either recognize that this is the derivative of sin™! u:

/\/1—u2
L. L . 4,7
— sin u—l—C:?sm (:L')+C

1
L = du=
7/\/1—u2 “=7

(© copyright Hidegkuti, Powell, 2012 Last revised: February 6, 2016
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1

If we do not recognize the derivative, then we can use trigonometric substitution 8 = sin™" u. Then u = sin 8 and so

du = cos 0df and 0 is in [—g, g]

cos 0do

1/ 1 d 1/ 1 040 1/ 1 0d0 1/ 1
| ——du== | —— cosfdf = = cosfdf = =
7) V1-—u2 7) \/1_sin26 7 cos2 0 7 ) |cos|

. .. ™ T . .
Since 6 is in |——, = |, cos @ is non-negative and so |cos 6| = cos 6 and so
2721

1 1 1 1 1 1 1
= = — [ 1 — — Zain— L1 (7
7/\COSH| cos 6do 7/(:089 cos 0d0o 7/ db 79—1—6’ 7sm (x)—i—C

So the answer is | — sin™! (m7) + .

1
tan~1 z
E le 8: —d
xample / 21 T
0

dz. For the limits of the integral, when x = 0, then u = tan™! (0) = 0

Solution: Let v = tan !z. Then du = 7 5

+x
and when z =1, u = tan~! (1) = Z So our integral becomes

1 w/4 /4
tan~!lx u?|" 1//m\2 1 72 |2
——dr= [ udu=— == <7) —02 )= =
2241 2|, —2\\1 216 |32
0 0

For more documents like this, visit our page at http://www.teaching.martahidegkuti.com and click on Lecture Notes.
F-mail questions or comments to mhidegkuti@ccc.edu.
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Lecture Notes

Improper Integrals

page 1
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10.

Sample Problems

o0

) /286_12 dx

1
1
9. —d
/ﬁm
0

o

11. d
/x2—|—3 o
1

12. /tanx dx

1
1
13. dzx
{ V1—zx2
x

1
14.
{ V1—1x2

2
1
15. — dx
[ vz —1
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Answers - Sample Problems

1)% 2) o0 3) oo 4)% 5.)% 6)% 7) r 8) o 9) 2 10) —1
11.) undefined 12.) 10 13.) 2 14.) —g(sf—\?’/l)

1 3 1
1 2.) 1 — 4 = — - 1 —
) o ) 3.) £o10 ) o0 5.) o0 6.) 5 7.) o 8.) —o0 9.) 1 0.) —o0
77\/3 s ™ s
11.) —— 12. 13.) — 14.) 1 15.) — 16.) — 17.
) ™ oo 13) T 14 )T 6T 7)) oo
1 T 1 3
18.) -Inb——+ = “12x~0.1 19.) =
8) ;In5— 7+ tan 0.1705357 9) 3

(© Hidegkuti, Powell, 2009 Last revised: August 24, 2013



Lecture Notes Improper Integrals page 3

Sample Problems - Solutions

Infinite Limits of Integration

There are two types of improper integrals. The ones with infinite limits of integration are easy to recognize, we are
o0 [e.e]

1 1
asked about the area of a region that is infinitely long. For example, / — dx and / —; dz are such integrals. Let
x x
1 1

N
1
N be a very large positive number. The definite integral / —; dx is defined for all positive N. So what we do is
x
1

we let IV approach infinity and determine what the values of the definite integrals are doing. If they approach a
finite number, we define that to be the area under the graph. If the limit of the definite integrals is infinte, we say
that the area under the graph is infinite, and the integral diverges.

Y

Solution: We compute the limit of the definite integrals as the upper limit approaches infinity.

o) N N

/ Lz = i gy — lim i (N1 I -1 (= L
—ar = 11m X Tr = l1im —- = lim - = lim - | — — _
4 3 1 N—oo -3 -3 N—o0 3]}73 3 3

1

N—oo N—oo —

1
0

o0

1
2. /dx:oo
T

1

Solution: We compute the limit of the definite integrals as the upper limit approaches infinity.

71 1 N
/d:}:: lim [ —dx= lim In|z|| = lim InlN—lnl =00

xT N—oo T N—oo 1 N—oo
1 1

This improper integral diverges.

(© Hidegkuti, Powell, 2009 Last revised: August 24, 2013
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o0

1
3. / dr = 00
zlnzx
10

1
Solution: We first compute the indefinite integral by substitution. Let ©v =1lnz. Then du = —dz.
x

1 1 1 1
/ dw:/ L :/du:1nyu+czln\1nx+c
zlnx Inz \z U

Now we are ready to evaluate the improper integral.

0o N

1 1 N
/ dr = lim dr = lim Inln|z|]] = lim [In(InN)—In(In10) | =0
zlnzx N—o0 zlnx N—o0 10 N—oo 1
10 10 oo
This improper integral diverges.
g 1
4. [ edr =
/e T=g
0
Solution:
00 N
—5x |V —5N —5(0) -1 1 1
—5x . —b5x . (& . e e .
-1 -1 -1 _ -1 T R
/e do=gm, e Tdr= gy Nl—r>noo< 5 -5 ) Noeo | 256N T 5 [ T 5
!

o

1
o. 2y = =
/aze T >

0

Solution: We first compute the indefinite integral, by substitution. Let u = —z?. Then du = —2xdx.

7$2 _ 72?2 _ u 1 _ 1 u _ _1 u _ _1 7.%2
/xe da:—/e (wd:r)—/e < 2du>— 2/edu— 5¢ +C = 5¢ +C

Now we are ready to evaluate the improper integral.

00 N
a2 . 2 I Y S RS B o T 11 1
ze “dr= lim [ xe ¥ dr= lim ——e =—— lim — —— lim | — s | =
N—oo N—oo 0 N—oo e¥ 0 Nooo | eN e0 2
0 0 %

o0

1
—5zd -
6. /xe T 9%

0

Solution: We first find the antiderivative by integrating by parts. Let u = 2 and dv = e **dx.

Then du = dr and 1
v = /dv = /e_Smd:U = —ge_Sw +C

(© Hidegkuti, Powell, 2009 Last revised: August 24, 2013
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L _
U=z v=——¢€
3

du = dz | dv = e %dx

/ udv = uv-— / v du becomes
1 1 1 1 1 1 1
—5x = —5r -5z — _ —bx - —b5x — _ —b5x - _ = -5z
/me der = 5956 / 56 dx 5.’L‘€ —|—5/e dx 5906 —1-5( 56 )—i—C’

1

5x 5x

= - — +C
5.’IJ€ 256

5
So we have

Now for the improper integral:

o0

N
r e dr = lim x e %dr = lim —lxe_w — ie_&”
N—oo N—oo 5 25
0

1 N 1 1 I 1 1 N 1
I S S — lim | — -2 _
5N 25edN 25 N—oo | 26 5 eiN 25e5N

00
The limit A}im is an — type of an indeterminate. We apply L’Hopital’s rule:
—00 (0.9]

€5N
. 1
NI BN T NI BN —
Thus
°r 1 1N
1 1
7511 .
de — 1 I S S
/ v T 25 T 55N T 25658 | T 25
0 | 1
0
o0
1
7. /1+x2 der=m
—Oo

Solution: Both limits of this integral are infinite. In case of such an integral, we separate it to a sum of two
improper integrals

o} 0 00
1 1 1
dx = d d
/1—1—962 . /1+x2 $+/1+x2 o
—oo —00 0
1 . .
Because f () = e is an even function, the two integrals are the same:
x
00 0 00 00 N
1 1 1 1 1
——dx = — d ——de=2 | ——=dr=21i — d
/1+:p2 o /1—1—1‘2 $+/1—|—x2 o /1+x2 v N s 14 22 v
—o0 —00 0 0 0
N

= 2 ]\}gnoo (tarf1 :c)

=2 lim (tan™' N —tan"10) =2 (5 ~0) =~
0 N—o0 2

(© Hidegkuti, Powell, 2009 Last revised: August 24, 2013
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Integrands with Vertical Asymptotes

Some integrals are improper because they represent an infinitely tall region. These are not trickier to compute
1

1
but more difficult to detect. For example, / —dx appears to be a definite integral. However, there is a vertical
x

0
asymptote at zero, making the integral improper.

Solution: We compute the limit of definite integrals as the lower limit approaches zero.

1 1
1 1 !

/dm = lim [ —dz = lim (In|z|)] = lim (In|l] —In|h|) = lim (0 — (—o00)) = o0
T h—ot ) x h—0+ n  h—0f h—0+

0 h

The area under the graph is infinite; this integral diverges.

1
1
9. —dx = 2
/\/Ex
0

Solution: We compute the limit of definite integrals as the lower limit approaches zero.

1

1

1 T —-1/2 . Y _ B
/ﬁdm— lim [ z7"?dz = lim (2y/z)| = lim (2\[ 2\/ﬁ> =2
0

1
h h,—>0+

h—0+ h—0+
h

The area under the graph is 2.

(© Hidegkuti, Powell, 2009 Last revised: August 24, 2013



Lecture Notes Improper Integrals page 7

1
10. /lnx dr = —1
0

Solution: This is an improper integral because there is a vertical asymptote at zero.

We compute this integral by taking the limits of definite integrals, between a small positive number and 1.

1 1

/ Inzdx = lim In zdx
h—0+
0 h

1
We compute the antiderivative of Inx by integration by parts. Let v = Inz and dv = dx. Then du = —dzx
x

/udv = uv—/vdubecomes
1
/lnmdx = xlna:—/:c (dw)lenx—/ de =zlnx—x2+C
T

The improper integral is

and v = .

1 1
1
/lnxdzp = lim [ lnzder= lim (rlnzx—2z)] = lim ((1Inl—-1)— (hlnh —h))
h—0%t h—0%t n  h—Ot
0 h

= lim [{-1—hlnh—~h
h—0+ I 1

Inh

As h approaches zero from the right, Inh approaches negative infinity. This means that lim+ hlnh = lim+
h—0 h—0

1
o h
is an — type of an indeterminate. We apply L’Hopital’s rule:

00

1
. Inh _ 3 .1 (—h? ,
B, 1 pimm, -1 g <1> =, (=h) =0
h h?
Thus the improper integral is

1

/lnxdx: lim | —1—hlnh—h| =-1
h—0+ [ 1

0 0 0
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4

11. /x2 9dac-undeﬁned
—1

Solution: This is an imporper integral because there is a vertical asymptote at x = 3.

We again separate this into two improper integrals, the area of the region to the left of 3 and to the right of 3.
3 a 4

T . T
/ 2o / gt = im [ gdet lim [ omde
— — 1 b

We first compute the indefinite integral by substitution. Let v = 22 —9. Then du = 2zdz.

T 1 1 /1 1 1 1 1 9
/$2_9dx:/$2_9(ﬂcdx):/u(2du) :2/udu:21n\u|+0221n|x -9|+C

Now we are ready to evaluate the improper integral.

3 a

T . x @ 1 @
[t = i [ e Jim g =0l =3 i mle? o]
“1 “1
1
= 5@12? (ln}a -9| - ’(— —9’) 7,112?7 (In]a® — 9| —In8) = —0

The other part:

1 1
= lim, (2111{42 -9 - 51n\b2 —9|>

4
x . x .1
/mZ—de - bl—lg,l+ x2—9dx_bl—lg,l+§ln‘
3 b
(1 1.1,
= lim (21n7—21n\b —9\) =00

When we combine two improper integrals, finite sums are allowed to be added, such as in problem #T7.
However, the sum oo+ (—00) is an indeterminate and in this case, it is not defined. This integral is undefined.
We also say that the area under the graph is undefined.

12. /d$ =10

Solution:

25

—dz = lim [ 272dz = lim 2/
/ 7

a—0t a—0t

25

=2 lim z

a a—0

25

=2 lim (f f)

—0
a a
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14.

1
Solution: We first compute the indefinite integral, by substitution. Let v =2 — z. Then du = —dz and so
dx = —du.

| ate= [ Ja i == [u = 2wt o= 2V C

Now we are ready to evaluate the improper integral.

a

=-2 lim vV2—=x

a—2~

2 a
1 1
dr = 1 dr = lim —2v/2 —
[ =t = dn [ = i -2 1
1 1

= —21im (vV2Z—a—v2—1)=-2 lim <\/2— ~VI) =—2(-1) =2

a—2~ a—2~

[ == (-9
0

Solution: We first compute the indefinite integral, by substitution. Let u =2 — x. Then du = —dx and so
dr = —du

L (N A A NS VX PR . V. S S S0 ST
/\‘”’/m_/{‘/ﬂ( du) = /u du = 5 U +C = 2(2 z)°+C

Now we are ready to evaluate the improper integral.

dr = lim dxr + lim

5 2 5 a
/ 1 d / 1 d +/ 1 / 1 1 d
xr = xX T
2 —x N N a—s2-) V2—2x b2t | 22—
0 0 2 0 b

5 3 a
=—= ( lim (2 —a:)2/3
b 2

i

= lim —2(2—1:)2/3 + lim —; (2 —2)%? + lim (2—2)%3

)

a—2- o b—2t a—2- o b2t
o3 (g (0 - 0) + i (9 - )
- D) = (9 ) =L (v

For more documents like this, visit our page at http://www.teaching.martahidegkuti.com and click on Lecture

Notes.

E-mail questions or comments to mhidegkuti@ccc.edu.
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5-14 m Solve the differential equation.

5.y +y=1 6.y —y=¢"
7.y =x—y 8. 4x°y + x*y' = sin’x
9. xy +y=4+/x 10. y' + y = sin(e”)
d
M. sinx =2 + (cos x)y = sin(x?)
dx
d
12. x 2 4y = x*e”
dx

d
13. (1+t)d—L:+u=1+t, £>0

dr
14. tInt— + r = te'
dt

15-20 m Solve the initial-value problem.
15. x*y' + 2xy=Inx, y(1) =2

d

16. t37i+3t2y=cost, y(@) =0
du )

17.tz=t +3u, t>0, u2)=4

18. 2xy' + y=6x, x>0, y(4) =20

19. xy' =y + x*sinx, y(m) =0

d
20. (x> + 1)% +3x(y — 1) =0, y(0)=2



