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Sample Problems

Compute each of the following integrals. Assume that a and b are positive numbers.

1.
Z
sinx dx

2.
Z
cos 5x dx

3.
Z
cosx sin4 x dx

4.
Z
csc2 x dx

5.
Z
tanx dx

6.
Z
cotx dx

7.
Z
secx dx

8.
Z
cscx dx

9.
Z
sin2 x dx

10.
Z
sin3 x dx

11.
Z
sin4 x dx

12.
Z
sin5 x dx

13.
Z

1

a2 + b2x2
dx

14.
Z

1p
a2 � x2

dx

15.
Z
sec (

p
x)p
x

dx

16.

�=3Z
0

p
1 + cos 2x dx

17.

�=2Z
0

p
1� cosx dx

18.
Z
tan3 x dx

19.
Z
sin 7x cos 3x dx

20.
Z
sin 10x sin 4x dx

Practice Problems

1.
Z
cos 3x dx

2.
Z
sin
�
4x� �

5

�
dx

3.
Z
sec � tan � d�

4.
Z
sec2 � d�

5.
Z
x tan

�
x2
�
dx

6.
Z
cot (2x� �) dx

7.
Z
cos2 x dx

8.
Z
cos2 (2x) dx

9.
Z
cos3 x dx

10.
Z
cos4 x dx

11.
Z
cos5 x dx

12.
Z
sinx cos5 x dx

13.
Z
sin3 x cos5 x dx

14.
Z
tan2 x dx

15.

�=6Z
0

p
1� cos 6x dx

16.
Z
sin 2a cos 8a da

17.
Z
cos b cos 11b db

18.
Z
sin 6� sin 14� d�

19.
Z
cos 11m sin 3m dm
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Sample Problems - Answers

1.) � cosx+C 2.)
1

5
sin 5x+C 3.)

1

5
sin5 x+C 4.) � cotx+C 5.) � ln jcosxj+C = ln jsecxj+C

6.) ln jsinxj+ C 7.) ln jsecx+ tanxj+ C 8.) � ln jcscx+ cotxj+ C 9.)
1

2
x� 1

4
sin 2x+ C

10.)
1

3
cos3 x� cosx+ C 11.) �1

4
sin 2x+

1

32
sin 4x+

3

8
x+ C 12.) � cosx+ 2

3
cos3 x� 1

5
cos5 x+ C

13.)
1

ab
tan�1

�
b

a
x

�
+ C 14.) sin�1

�x
a

�
+ C 15.) 2 ln jsec (

p
x) + tan (

p
x)j+ C 16.)

p
6

2

17.) 2
p
2�2 18.)

1

2
sec2 x+ln jcosxj+C 19.) � 1

20
cos 10x� 1

8
cos 4x+C 20.)

1

12
sin 6x� 1

28
sin 14x+C

Practice Problems - Answers

1.)
1

3
sin 3x+ C 2.) �1

4
cos
�
4x� �

5

�
+ C 3.) sec � + C 4.) tan � + C 5.)

1

2
ln
��sec �x2���+ C

6.)
1

2
ln jsin (2x� �)j+ C 7.)

1

2
x+

1

4
sin 2x+ C 8.)

1

2
x+

1

8
sin 4x+ C 9.) sinx� 1

3
sin3 x+ C

10.)
3

8
x+

1

4
sin 2x+

1

32
sin 4x+ C 11.)

1

5
sin5 x� 2

3
sin3 x+ sinx+ C 12.) �1

6
cos6 x+ C

13.) �1
6
cos6 x+

1

8
cos8 x+ C 14.) �x+ tanx+ C 15.)

p
2

3
16.)

1

12
cos 6a� 1

20
cos 10a+ C

17.)
1

20
sin 10b+

1

24
sin 12b+ C 18.)

1

16
sin 8� � 1

40
sin 20� + C 19.)

1

16
cos 8m� 1

28
cos 14m+ C
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Sample Problems - Solutions

1.
Z
sinx dx

Solution: This is a basic integral we know from di¤erentiating basic trigonometric functions. Since
d

dx
cosx = � sinx, clearly d

dx
(� cosx) = sinx and so

Z
sinx dx = � cosx+ C .

2.
Z
cos 5x dx

Solution: We know that
d

dx
cosx = � sinx + C. We will use substitution. Let u = 5x and then du = 5dx

and so
du

5
= dx. Z

cos 5x dx =

Z
cosu

�
du

5

�
=
1

5

Z
cosu du =

1

5
sin 5x+ C

Note: Once we have enough practice, there is no need to perform this substitution in writing. We can just

simply write
Z
cos 5x dx =

1

5
sin 5x+ C.

3.
Z
cosx sin4 x dx

Solution: Let u = sinx. Then du = cosxdx.Z
cosx sin4 x dx =

Z
sin4 x (cosxdx) =

Z
u4 u =

1

5
u5 + C =

1

5
sin5 x+ C

4.
Z
csc2 x dx

Solution: We need to remember that
d

dx
cotx = � csc2 x.Z

csc2 x dx = �
Z
� csc2 x dx = � cotx+ C

5.
Z
tanx dx

Solution: Let u = cosx. Then du = � sinx dx.Z
tanx dx =

Z
sinx

cosx
dx =

Z
1

u
(sinxdu) =

Z
1

u
(�du) = �

Z
1

u
du = � ln juj+ C = � ln jcosxj+ C

= ln
���(cosx)�1���+ C = ln jsecxj+ C

6.
Z
cotx dx

Solution: Let u = sinx. Then du = cosx dx.Z
cotx dx =

Z
cosx

sinx
dx =

Z
1

u
(cosxdu) =

Z
1

u
du = ln juj+ C = ln jsinxj+ C
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7.
Z
secx dx

Solution:
Z
secx dx =

Z
secx � secx+ tanx

secx+ tanx
dx =

Z
sec2 x+ secx tanx

secx+ tanx
dx

From here we will use substitution. Recall that
d

dx
secx = secx tanx and

d

dx
tanx = sec2 x. Let u =

secx+ tanx. Then du =
�
secx tanx+ sec2 x

�
dx.Z

sec2 x+ secx tanx

secx+ tanx
dx =

Z
1

u

�
sec2 x+ secx tanx

�
dx =

Z
1

u
du = ln juj+ C = ln jsecx+ tanxj+ C

8.
Z
cscx dx

Solution:
Z
cscx dx =

Z
cscx � cscx+ cotx

cscx+ cotx
dx =

Z
csc2 x+ cscx cotx

cscx+ cotx
dx

From here we will use substitution. Recall that
d

dx
cscx = � cscx cotx and d

dx
cotx = � csc2 x. Let

u = cscx+ cotx. Then du =
�
� csc2 x� cscx cotx

�
dx.Z

csc2 x+ cscx cotx

cscx+ cotx
dx =

Z
1

u

�
csc2 x+ cscx cotx

�
dx =

Z
1

u
(�du) = �

Z
1

u
du = � ln juj+ C

= � ln jcscx+ cotxj+ C

9.
Z
sin2 x dx

Solution: Recall the double angle formula for cosine, cos 2x = 1� 2 sin2 x. We solve this for sin2 x

sin2 x =
1

2
(1� cos 2x)

Z
sin2 x dx =

Z
1

2
(1� cos 2x) dx = 1

2

�Z
1 dx�

Z
cos 2x dx

�
=
1

2

�
x+ C1 �

1

2
sin 2x+ C2

�
=

1

2
x� 1

4
sin 2x+ C

10.
Z
sin3 x dx

Solution: Z
sin3 x dx =

Z
sinx sin2 x dx =

Z
sinx

�
1� cos2 x

�
dx

Let u = cosx: Then du = � sinxdxZ
sin3 x dx =

Z
sinx

�
1� cos2 x

�
dx =

Z �
1� cos2 x

�
(sinxdx) =

Z �
1� u2

�
(�du) =

Z �
u2 � 1

�
du

=
1

3
u3 � u+ C = 1

3
cos3 x� cosx+ C
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11.
Z
sin4 x dx

Solution: We use the double angle formula for cosine to express sin2 x.

cos 2x = 1� 2 sin2 x =) sin2 x =
1

2
(1� cos 2x)

Z
sin4 x dx =

Z �
sin2 x

�2
dx =

Z �
1

2
(1� cos 2x)

�2
dx =

1

4

Z
(1� cos 2x)2 dx = 1

4

Z �
1� 2 cos 2x+ cos2 2x

�
dx

We use the double angle formula for cosine again to express cos2 2x.

cos 4x = 2 cos2 2x� 1 =) cos2 2x =
1

2
(cos 4x+ 1)

Z
sin4 x dx =

1

4

Z �
1� 2 cos 2x+ cos2 2x

�
dx =

1

4

Z �
1� 2 cos 2x+ 1

2
(cos 4x+ 1)

�
dx

=

Z �
1

4
� 1
2
cos 2x+

1

8
cos 4x+

1

8

�
dx =

Z �
�1
2
cos 2x+

1

8
cos 4x+

3

8

�
dx

= �1
2

�
1

2

�
sin 2x+

1

8

�
1

4

�
sin 4x+

3

8
x+ C = �1

4
sin 2x+

1

32
sin 4x+

3

8
x+ C

12.
Z
sin5 x dx

Solution: This method works with odd powers of sinx or cosx. We will separate one factor of sinx from the
rest which will be expressed in terms of cosx.Z

sin5 x dx =

Z
sinx sin4 x dx =

Z
sinx sin4 x dx =

Z
sinx

�
sin2 x

�2
dx =

Z
sinx

�
1� cos2 x

�2
dx

=

Z
sinx

�
1� 2 cos2 x+ cos4 x

�
dx

We proceed with substitution. Let u = cosx: Then du = � sinxdx.Z
sin5 x dx =

Z
sinx

�
1� 2 cos2 x+ cos4 x

�
dx =

Z �
1� 2 cos2 x+ cos4 x

�
(sinxdx)

=

Z �
1� 2u2 + u4

�
(�du) =

Z �
�1 + 2u2 � u4

�
du = �u+ 2

3
u3 � 1

5
u5 + C

= � cosx+ 2
3
cos3 x� 1

5
cos5 x+ C

13.
Z

1

a2 + b2x2
dx

Solution: The basic integral here is
Z

1

x2 + 1
dx = tan�1 x + C. We need a substitution under which

a2x2 = b2u2. This would be convenient because then

1

a2x2 + b2
=

1

b2u2 + b2
=
1

b2
� 1

u2 + 1
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So we will pursue this substitution. We solve a2x2 = b2u2 for a possible value of u and obtain u =
a

b
x. Then

du =
a

b
dx and so

b

a
du = dx.Z

1

a2x2 + b2
dx =

Z
1

b2u2 + b2

�
b

a
du

�
=

Z
1

b2
� 1

u2 + 1
� b
a
du =

b

ab2

Z
1

u2 + 1
du =

1

ab
tan�1 u+ C

=
1

ab
tan�1

�
b

a
x

�
+ C

14.
Z

1p
a2 � x2

dx

Solution: The basic integral here is
Z

1p
1� x2

dx = sin�1 x + C. We need a substitution under which

x2 = a2u2. This would be useful because then

1p
a2 � x2

=
1p

a2 � a2u2
=

1p
a2 (1� u2)

=
1

a
p
1� u2

So we will pursue this substitution. We solve x2 = a2u2 for a possible value of u and obtain x = au and
dx = adu.Z

1p
a2 � x2

dx =

Z
1p

a2 � a2u2
(adu) =

Z
a

a
p
1� u2

du =

Z
1p
1� u2

du� = sin�1 u+C = sin�1
�x
a

�
+ C

15.
Z
sec (

p
x)p
x

dx

Let u =
p
x. Then du =

1

2
p
x
dx.

Z
sec (

p
x)p
x

dx = 2

Z
sec (

p
x)

2
p
x

dx = 2

Z
sec
�p
x
� � 1

2
p
x
dx

�
= 2

Z
secu du = 2 ln jsecu+ tanuj+ C

= 2 ln jsec (
p
x) + tan (

p
x)j+ C

16.

�=3Z
0

p
1 + cos 2x dx

Solution: We will yet again use the double angle formula for cosine, this time to eliminate the square root.

cos 2x = 2 cos2 x� 1 =) 2 cos2 x = cos 2x+ 1

�=3Z
0

p
1 + cos 2x dx =

�=3Z
0

p
2 cos2 x dx =

p
2

�=3Z
0

p
cos2 x dx =

p
2

�=3Z
0

jcosxj dx

Since f (x) = cosx is positive on
h
0;
�

3

i
; we can simplify jcosxj = cosx

p
2

�=3Z
0

jcosxj dx =
p
2

�=3Z
0

cosx dx =
p
2

 
sinx

�����=3
0

!
=
p
2
�
sin

�

3
� sin 0

�
=
p
2

 p
3

2
� 0
!
=

p
6

2
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17.

�=2Z
0

p
1� cosx dx

Solution:
cos 2� = 1� 2 sin2 � =) 2 sin2 � = 1� cos 2�

We substitute � =
x

2
into this and obtain

2 sin2
x

2
= 1� cosx

�=2Z
0

p
1� cosx dx =

�=2Z
0

r
2 sin2

x

2
dx =

p
2

�=2Z
0

���sin x
2

��� dx
Since f (x) = sin

x

2
is non-negative on

h
0;
�

2

i
; we can simplify

���sin x
2

��� = sin x
2

p
2

�=2Z
0

sin
x

2
dx =

p
2

 
�2 cos x

2

�����=2
0

!
= �2

p
2

 
cos

x

2

�����=2
0

!
= �2

p
2
�
cos

�

4
� cos 0

�

= �2
p
2

 p
2

2
� 1
!
= �2 + 2

p
2 = 2

p
2� 2

18.
Z
tan3 x dx

Solution: Let u = cosx. Then du = � sinxdxZ
tan3 x dx =

Z
sin3 x

cos3 x
dx =

Z
sinx

sin2 x

cos3 x
dx =

Z
1� cos2 x
cos3 x

sinxdx =

Z
1� u2
u3

(�du) =
Z
u2 � 1
u3

du

=

Z
u2

u3
� 1

u3
du =

Z
1

u
� u�3 du = ln juj � u

�2

�2 + C = ln juj+
1

2u2
+ C

= ln jcosxj+ 1
2
sec2 x+ C

19.
Z
sin 7x cos 3x dx

Solution: We wil use the product-to-sum identities to trasform this product into a sum. We write the sine
formula for the sum and the di¤erence of these two angles.

sin 10x = sin (7x+ 3x) = sin 7x cos 3x+ cos 7x sin 3x

sin 4x = sin (7x� 3x) = sin 7x cos 3x� cos 7x sin 3x

We will add the two equations

sin 10x+ sin 4x = 2 sin 7x cos 3x
1

2
(sin 10x+ sin 4x) = sin 7x cos 3x

We can very easily integrate
1

2
(sin 10x+ sin 4x)Z

sin 7x cos 3x dx =

Z
1

2
(sin 10x+ sin 4x) dx =

1

2

Z
sin 10x+ sin 4x dx

=
1

2

�
1

10

�
(� cos 10x) + 1

2

�
1

4
(� cos 4x)

�
+ C = � 1

20
cos 10x� 1

8
cos 4x+ C
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20.
Z
sin 10x sin 4x dx

Solution: We wil use the product-to-sum identities to trasform this product into a sum. We write the cosine
formula for the sum and the di¤erence of these two angles.

cos 14x = cos (10x+ 4x) = cos 10x cos 4x� sin 10x sin 4x
cos 6x = cos (10x� 4x) = cos 10x cos 4x+ sin 10x sin 4x

We will subtract the �rst equation from the �rst one

cos 6x� cos 14x = 2 sin 10x sin 4x
1

2
(cos 6x� cos 14x) = sin 10x sin 4x

We can very easily integrate
1

2
(cos 6x� cos 14x)Z

sin 10x sin 4x dx =

Z
1

2
(cos 6x� cos 14x) dx = 1

2

Z
cos 6x� cos 14x dx

=
1

2

�
1

6

�
(sin 6x)� 1

2

�
1

14
(sin 14x)

�
+ C =

1

12
sin 6x� 1

28
sin 14x+ C

For more documents like this, visit our page at http://www.teaching.martahidegkuti.com and click on Lecture
Notes. E-mail questions or comments to mhidegkuti@ccc.edu.
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Sample Problems

Compute each of the following integrals.

1.
Z

1p
x2 + 4

dx

2.
Z p

1� x2 dx

3.
Z

1p
x2 � 9

dx

4.
Z

x2p
16� x2

dx

5.
Z p

x2 + 4 dx

6.
Z

x2p
x2 + 9

dx

7.
Z

x6p
1� x14

dx

8.

1Z
0

tan�1 x

x2 + 1
dx

Practice Problems

Compute each of the following integrals. Please note that some of the integrals can also be solved using other,
previously seen methods.

1.
Z

1p
x2 � 25

dx

2.
Z

xp
x2 � 25

dx

3.
Z

x2p
x2 � 25

dx

4.
Z p

x2 � 25 dx

5.
Z p

16� x2 dx

6.
Z

1p
16� x2

dx

7.
Z

xp
16� x2

dx

8.
Z

x2p
16� x2

dx

9.
Z p

x2 + 1 dx

10.
Z

1p
x2 + 1

dx

11.
Z

xp
x2 + 1

dx

12.
Z

x2p
x2 + 1

dx
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Sample Problems - Answers

1.) ln
���x+px2 + 4���+ C 2.)

1

2
sin�1 x+

1

2
x
p
1� x2 + C 3.) ln

���x+px2 � 9���+ C
4.) 8 sin�1

�x
4

�
� 1
2
x
p
16� x2 + C 5.)

1

2
x
p
x2 + 4 + 2 ln

���x+px2 + 4���+ C
6.)

1

2
x
p
x2 + 9� 9

2
ln
���x+px2 + 9���+ C 7.)

1

7
sin�1

�
x7
�
+ C 8.)

�2

32

Practice Problems - Answers

1.) ln
���x+px2 � 25���+ C 2.)

p
x2 � 25 + C 3.)

1

2
x
p
x2 � 25 + 25

2
ln
���x+px2 � 25���+ C

4.)
1

2
x
p
x2 � 25� 25

2
ln
���x+px2 � 25���+ C 5.) 8 sin�1

�x
4

�
+
1

2
x
p
16� x2 + C 6.) sin�1

�x
4

�
+ C

7.) �
p
16� x2 + C 8.) 8 sin�1

�x
4

�
� 1
2
x
p
16� x2 + C 9.)

1

2
x
p
x2 + 1 +

1

2
ln
���x+px2 + 1���+ C

10.) ln
���x+px2 + 1���+ C 11.)

p
x2 + 1 + C 12.)

1

2
x
p
x2 + 1� 1

2
ln
���x+px2 + 1���+ C
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Sample Problems - Solutions

Trigonometric substitution is a technique of integration. It is especially useful in handling expressions under a square
root sign.

Case 1. The substitution x = a tan �. This is useful in handling an integral involving
p
x2 + a2.

Let x = a tan � where ��
2
< � <

�

2
. (That is the same thing as stating that � = tan�1

x

a
. The interval between ��

2
and

�

2
is the domain of the inverse function tan�1 x.)

The picture below shows the reference triangle we use for this substitution.

Using this triangle, we do not have to do heavy duty algebra because we can read (up to sign) the trigonometric
functions of � in terms of x and a.

Example 1: Compute the integral
Z

1p
x2 + 4

dx.

Solution: We will use a trigonometric substitution. We start with a reference triangle where the hypotenuse is the
denominator. Using the substitution x = 2 tan �, (where ��

2
< � <

�

2
) we will transform the integral into one in �.

From the triangle, x = 2 tan �. Then dx = 2 sec2 � d�. The expression
p
x2 + 4 becomes 2 sec � - using the picture,

or using algebra. Recall the identity tan2 x+ 1 = sec2 xp
x2 + 4 =

q
(2 tan �)2 + 4 =

p
4 tan2 � + 4 =

p
4
p
tan2 � + 1 = 2

p
sec2 � = 2 jsec �j

Because � is in the interval
�
��
2
;
�

2

�
, secx is positive and so jsecxj = secx.Z
1p
x2 + 4

dx =

Z
1

2 sec �

�
2 sec2 � d�

�
=

Z
sec � d�

This is an integral we have already seen: we can either use substitution (see in that handout) or partial fraction(see
in that handout). Either way, Z

sec � d� = ln jsec � + tan �j+ C

Now we need to reverse the substitution and write the result as an expression of x: This is where the reference
triangle comes handy.

sec � =

p
x2 + 4

2
and tan � =

x

2

Thus the answer is
Z

1p
x2 + 4

dx = ln

�����
p
x2 + 4

2
+
x

2

�����+ C: This expression can be further simpli�ed:
ln

�����
p
x2 + 4

2
+
x

2

�����+ C = ln
�����
p
x2 + 4 + x

2

�����+ C = ln ���px2 + 4 + x���� ln 2 + C = ln ���px2 + 4 + x���+ C
c
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and so the �nal answer is ln
���px2 + 4 + x���+ C .

Case 2. The substitution x = a sin � where ��
2
< � <

�

2
. This is useful in handling an integral involving

p
a2 � x2.

The picture below shows the reference triangle we use for this substitution.

Using this triangle, we can read (up to sign) the trigonometric functions of � in terms of x and a.

Example 2: Compute the integral
Z p

1� x2 dx.
Solution: This is a very famous integral because it leads to the area formula of the unit circle. We will use a
trigonometric substitution. We start with a reference triangle where the

p
1� x2 is one of the legs. Using the

substitution x = sin �, (��
2
< � <

�

2
) we will transform the integral into one in �.

From the triangle, x = sin �. Then dx = cos � d�. The expression
p
1� x2 becomesp

1� x2 =
p
1� sin2 � =

p
cos2 � = jcos �j

Because � is in the interval
�
��
2
;
�

2

�
, cosx is positive and so jcosxj = cosx.Z p
1� x2 dx =

Z
cos � (cos � d�) =

Z
cos2 � d�

This is an integral we have already seen; we can simplify it using the double angle formula for cosine.

cos 2� = 2 cos2 � � 1 =) cos2 � =
1

2
(cos 2� + 1)

Z
cos2 � d� =

Z
1

2
(cos 2� + 1) d� =

1

2

Z
cos 2� + 1 d� =

1

2

�
1

2
sin 2� + �

�
+ C

=
1

2

�
1

2
(2 sin � cos �) + �

�
+ C =

1

2
sin � cos � +

1

2
� + C

Now we need to reverse the substitution and write the result as an expression of x: This is where the reference
triangle comes handy.

sin � = x, cos � =
p
1� x2 and � = sin�1 x

Thus the answer is
Z p

1� x2 dx = 1

2
sin � cos � +

1

2
� + C =

1

2
x
p
1� x2 + 1

2
sin�1 x+ C

Note that if we now compute

1Z
�1

p
1� x2 dx the result is the area of the unit semi-circle, �

2
.
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Case 3. The substitution x = a sec � where 0 < � <
�

2
. This is useful in handling an integral involving

p
x2 � a2.

The picture below shows the reference triangle we use for this substitution.

Using this triangle, we can read (up to sign) the trigonometric functions of � in terms of x and a.

Example 3: Compute the integral
Z

1p
x2 � 9

dx.

Solution: We will use a trigonometric substitution. We start with a reference triangle where the hypotenuse is x and
one shorter side is 3. Using the substitution x = 3 sec �, we will transform the integral into one in �.

From the triangle, x = 3 sec �. Then dx = 3 sec � tan � d�. The expression
p
x2 � 9 becomes 3 tan � - either from

the picture or using algebra. Recall the identity sec2 x = tan2 x+ 1p
x2 � 9 =

q
(3 sec �)2 � 9 =

p
9 sec2 � � 9 =

p
9
p
sec2 � � 1 = 3

p
tan2 � = 3 jtan �j

Because 0 < � <
�

2
, tan � is positive and so jtan �j = tan �.Z

1p
x2 � 9

dx =

Z
1

3 tan �
(3 sec � tan � d�) =

Z
sec � d�

Again, Z
sec � d� = ln jsec � + tan �j+ C

Now we need to reverse the substitution and write the result as an expression of x: This is where the reference
triangle comes handy.

sec � =
x

3
and tan � =

p
x2 � 9
3

Thus the answer is
Z

1p
x2 � 9

dx = ln jsec � + tan �j+ C = ln
�����x3 +

p
x2 � 9
3

�����+ C. We can still simplify this result
a bit:

ln

�����x3 +
p
x2 � 9
3

�����+ C = ln
�����x+

p
x2 � 9
3

�����+ C = ln ���x+px2 � 9���� ln 3 + C = ln ���x+px2 � 9���+ C2

Thus the �nal answer is
Z

1p
x2 � 9

dx = ln
���x+px2 � 9���+ C .

c
 copyright Hidegkuti, Powell, 2012 Last revised: February 6, 2016
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Example 4: Compute the integral
Z

x2p
16� x2

dx

Solution: Let x = 4 sin � where ��
2
� � � �

2
. Then dx = 4 cos � d� and

p
16� x2 =

p
16� 16 sin2 � =

p
16
p
1� sin2 � = 4

p
cos2 � = 4 jcos �j

Because ��
2
� � � �

2
; cos � is non-negative, and jcos �j = cos �. So the integral is

Z
x2p
16� x2

dx =

Z
16 sin2 �

4 cos �
(4 cos � d�) =

Z
16 sin2 � d� = 16

Z
sin2 � d�

By the double angle formula for cosine, cos 2� = 1� 2 sin2 � =) sin2 � =
1

2
(1� cos 2�)

Z
x2p
16� x2

dx = 16

Z
sin2 � d� = 16

Z
1

2
(1� cos 2�) d� = 8

Z
1� cos 2� d� = 8

�
� � 1

2
sin 2� + C

�
= 8� � 4 sin 2� + C

Now we need to reverse the substitution and write the result as an expression of x: This is where the reference
triangle comes handy. Recall that x = 4 sin � and so

� = sin�1
�x
4

�
and

sin 2� = 2 sin � cos � = 2 sin �
p
1� sin2 � = 2

�x
4

�r
1�

�x
4

�2
=
x

2

r
1

16
(16� x2)

=
x

2

�
1

4

�p
16� x2 = 1

8
x
p
16� x2

And so the �nal answer is
Z

x2p
16� x2

dx = 8� � 4 sin 2� + C = 8 sin�1
�x
4

�
� 1
2
x
p
16� x2 + C

Example 5: Compute the integral
Z p

x2 + 4 dx

Solution: Let x = 2 tan� where ��
2
� � � �

2
. Then dx = 2 sec2 � d� and

Z p
x2 + 4 dx =

Z p
4 tan2 � + 4

�
2 sec2 � d�

�
=

Z
2
p
tan2 � + 1

�
2 sec2 � d�

�
= 4

Z
jsec�j

�
sec2 � d�

�
=

= 4

Z
sec�

�
sec2 � d�

�
= 4

Z
sec3 � d�

We will compute
Z
sec3 � d� by parts.

Let u = sec� and dv = sec2 � d�. Then

du = sec� tan�d� and v =

Z
dv =

Z
sec2 � d�

In short,
u = sec� v = tan�

du = sec� tan� d� dv = sec2 � d�

c
 copyright Hidegkuti, Powell, 2012 Last revised: February 6, 2016
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Z
u dv = uv �

Z
v du becomesZ

sec� sec2 � d� = sec� tan� �
Z
tan� sec� tan� d�Z

sec3 � d� = sec� tan� �
Z
tan2 � sec� d� recall tan2 � + 1 = sec2 �Z

sec3 � d� = sec� tan� �
Z �

sec2 � � 1
�
sec� d�Z

sec3 � d� = sec� tan� �
Z
sec3 � � sec� d�Z

sec3 � d� = sec� tan� �
Z
sec3 � d� +

Z
sec� d�

2

Z
sec3 � d� = sec� tan� +

Z
sec� d�

2

Z
sec3 � d� = sec� tan� + ln jsec� + tan�j+ CZ
sec3 � d� =

1

2
sec� tan� +

1

2
ln jsec� + tan�j+ C

Now the original integral isZ p
x2 + 4 dx = 4

Z
sec3 � d� = 4

�
1

2
sec� tan� +

1

2
ln jsec� + tan�j

�
+ C

= 2 sec� tan� + 2 ln jsec� + tan�j+ C

Now we need to reverse the substitution and write the result as an expression of x: Recall that x = 2 tan�. Then
tan� =

x

2
and

sec� =
p
tan2 � + 1 =

r�x
2

�2
+ 1 =

r
1

4
x2 + 1 =

r
1

4
(x2 + 4) =

1

2

p
x2 + 4

and soZ p
x2 + 4 dx = 2 sec� tan� + 2 ln jsec� + tan�j+ C = 2

�
1

2

p
x2 + 4

��x
2

�
+ 2 ln

����12px2 + 4 + x2
����+ C

=
1

2
x
p
x2 + 4 + 2 ln

�����x+
p
x2 + 4

2

�����+ C = 1

2
x
p
x2 + 4 + 2

�
ln
���x+px2 + 4���� ln 2�+ C

=
1

2
x
p
x2 + 4 + 2 ln

���x+px2 + 4���� 2 ln 2 + C = 1

2
x
p
x2 + 4 + 2 ln

���x+px2 + 4���+ C

c
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Example 6: Compute the integral
Z

x2p
x2 + 9

dx

Let x = 3 tan � where ��
2
< � <

�

2
. Then dx = 3 sec2 �d� and

Z
x2p
x2 + 9

dx =

Z
9 tan2 �p
9 tan2 � + 9

�
3 sec2 � d�

�
=

Z
9 tan2 �

3
p
tan2 � + 1

�
3 sec2 � d�

�
=

Z
9 tan2 �

3 jsec �j
�
3 sec2 � d�

�
=

Z
9 tan2 �

3 sec �

�
3 sec2 � d�

�
= 9

Z
tan2 � sec � d� = 9

Z �
sec2 � � 1

�
sec � d�

= 9

Z
sec3 � � sec � d� = 9

Z
sec3 � d� � 9

Z
sec � d�

We know that
Z
sec � d� = ln jsec � + tan �j+ C and from the previous computation we have thatZ

sec3 � d� =
1

2
sec � tan � +

1

2
ln jsec � + tan �j+ C. So that the integral is

Z
x2p
x2 + 9

dx = 9

Z
sec3 � d� � 9

Z
sec � d� = 9

�
1

2
sec � tan � +

1

2
ln jsec � + tan �j

�
� 9 ln jsec � + tan �j+ C

=
9

2
sec � tan � +

9

2
ln jsec � + tan �j � 9 ln jsec � + tan �j+ C = 9

2
sec � tan � � 9

2
ln jsec � + tan �j+ C

Now we need to reverse the substitution and write the result as an expression of x: Recall that x = 3 tan �. Then
tan � =

x

3
and

sec � =
p
tan2 � + 1 =

r�x
3

�2
+ 1 =

r
1

9
x2 + 1 =

r
1

9
(x2 + 9) =

1

3

p
x2 + 9

and soZ
x2p
x2 + 9

dx =
9

2
sec � tan � � 9

2
ln jsec � + tan �j+ C = 9

2

�
1

3

p
x2 + 9

��x
3

�
� 9
2
ln

�����13px2 + 9
�
+
x

3

����+ C
=

1

2
x
p
x2 + 9� 9

2
ln

�����x+
p
x2 + 9

3

�����+ C = 1

2
x
p
x2 + 9� 9

2

�
ln
���x+px2 + 9���� ln 3�+ C

=
1

2
x
p
x2 + 9� 9

2
ln
���x+px2 + 9���+ 9

2
ln 3 + C =

1

2
x
p
x2 + 9� 9

2
ln
���x+px2 + 9���+ C

Example 7:
Z

x6p
1� x14

dx

Solution: Let u = x7. Then du = 7x6dx and so dx =
du

7x6
. Then the integral becomes

Z
x6p
1� u2

du

7x6
=
1

7

Z
1p
1� u2

du

We can either recognize that this is the derivative of sin�1 u:

1

7

Z
1p
1� u2

du =
1

7
sin�1 u+ C =

1

7
sin�1

�
x7
�
+ C

c
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If we do not recognize the derivative, then we can use trigonometric substitution � = sin�1 u. Then u = sin � and so

du = cos �d� and � is in
h
��
2
;
�

2

i
.

1

7

Z
1p
1� u2

du =
1

7

Z
1p

1� sin2 �
cos �d� =

1

7

Z
1p
cos2 �

cos �d� =
1

7

Z
1

jcos �j cos �d�

Since � is in
h
��
2
;
�

2

i
, cos � is non-negative and so jcos �j = cos � and so

1

7

Z
1

jcos �j cos �d� =
1

7

Z
1

cos �
cos �d� =

1

7

Z
1d� =

1

7
� + C =

1

7
sin�1

�
x7
�
+ C

So the answer is
1

7
sin�1

�
x7
�
+ C .

Example 8:

1Z
0

tan�1 x

x2 + 1
dx

Solution: Let u = tan�1 x. Then du =
1

1 + x2
dx. For the limits of the integral, when x = 0; then u = tan�1 (0) = 0

and when x = 1; u = tan�1 (1) =
�

4
: So our integral becomes

1Z
0

tan�1 x

x2 + 1
dx =

�=4Z
0

u du =
u2

2

�����=4
0

=
1

2

���
4

�2
� 02

�
=
1

2
� �

2

16
=
�2

32

For more documents like this, visit our page at http://www.teaching.martahidegkuti.com and click on Lecture Notes.
E-mail questions or comments to mhidegkuti@ccc.edu.

c
 copyright Hidegkuti, Powell, 2012 Last revised: February 6, 2016

http://www.teaching.martahidegkuti.com/shared/lnotes/lecturenotes.html
http://www.teaching.martahidegkuti.com/shared/lnotes/lecturenotes.html


Lecture Notes Improper Integrals page 1

Sample Problems

1.

1Z
1

1

x4
dx

2.

1Z
1

1

x
dx

3.

1Z
10

1

x lnx
dx

4.

1Z
0

e�5x dx

5.

1Z
0

xe�x
2
dx

6.

1Z
0

xe�5x dx

7.

1Z
�1

1

1 + x2
dx

8.

1Z
0

1

x
dx

9.

1Z
0

1p
x
dx

10.

1Z
0

lnx dx

11.

4Z
�1

x

x2 � 9dx

12.

25Z
0

1p
x
dx

13.

2Z
1

1p
2� x

dx

14.

5Z
0

1
3
p
2� x

dx

Practice Problems

1.

1Z
1

1

x
dx

2.

1Z
1

1

x2
dx

3.

1Z
2

e�5x dx

4.

1Z
0

1

x
dx

5.

1Z
0

1

x2
dx

6.

1Z
0

1
3
p
x
dx

7.

1Z
5

1

x lnx
dx

8.

1Z
0

1

x lnx
dx

9.

1Z
0

xe�2x dx

10.

2Z
1

x2

x3 � 8 dx

11.

1Z
1

1

x2 + 3
dx

12.

�=2Z
0

tanx dx

13.

1Z
0

1p
1� x2

dx

14.

1Z
0

xp
1� x2

dx

15.

2Z
1

1

x
p
x2 � 1

dx

16.

1Z
2

1

x
p
x2 � 1

dx

17.

2Z
1

1

(x� 1) (x2 + 1) dx

18.

1Z
2

1

(x� 1) (x2 + 1) dx

19.

1Z
0

1
3
p
x
dx
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Answers - Sample Problems

1.)
1

3
2.) 1 3.) 1 4.)

1

5
5.)

1

2
6.)

1

25
7.) � 8.) 1 9.) 2 10.) �1

11.) unde�ned 12.) 10 13.) 2 14.) �3
2

�
3
p
9� 3

p
4
�

Answers - Practice Problems

1.) 1 2.) 1 3.)
1

5e10
4.) 1 5.) 1 6.)

3

2
7.) 1 8.) �1 9.)

1

4
10.) �1

11.)
�
p
3

9
12.) 1 13.)

�

2
14.) 1 15.)

�

3
16.)

�

6
17.) 1

18.)
1

4
ln 5� �

4
+
1

2
tan�1 2 � 0:170 535 7 19.)

3

2
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Sample Problems - Solutions

In�nite Limits of Integration

There are two types of improper integrals. The ones with in�nite limits of integration are easy to recognize, we are

asked about the area of a region that is in�nitely long. For example,

1Z
1

1

x
dx and

1Z
1

1

x4
dx are such integrals. Let

N be a very large positive number. The de�nite integral

NZ
1

1

x4
dx is de�ned for all positive N . So what we do is

we let N approach in�nity and determine what the values of the de�nite integrals are doing. If they approach a
�nite number, we de�ne that to be the area under the graph. If the limit of the de�nite integrals is in�nte, we say
that the area under the graph is in�nite, and the integral diverges.

1.

1Z
1

1

x4
dx =

1

3

Solution: We compute the limit of the de�nite integrals as the upper limit approaches in�nity.

1Z
1

1

x4
dx = lim

N!1

NZ
1

x�4dx = lim
N!1

x�3

�3

����N
1

= lim
N!1

�
N�3

�3 � 1
�3

�3

�
= lim
N!1

0BB@ �1
3N3

#
0

�
�
�1
3

�1CCA =
1

3

2.

1Z
1

1

x
dx =1

Solution: We compute the limit of the de�nite integrals as the upper limit approaches in�nity.

1Z
1

1

x
dx = lim

N!1

NZ
1

1

x
dx = lim

N!1
ln jxj

����N
1

= lim
N!1

0@lnN
#
1

� ln 1

1A =1

This improper integral diverges.
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 Hidegkuti, Powell, 2009 Last revised: August 24, 2013
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3.

1Z
10

1

x lnx
dx =1

Solution: We �rst compute the inde�nite integral by substitution. Let u = lnx: Then du =
1

x
dx.Z

1

x lnx
dx =

Z
1

lnx

�
1

x
dx

�
=

Z
1

u
du = ln juj+ C = ln jlnxj+ C

Now we are ready to evaluate the improper integral.

1Z
10

1

x lnx
dx = lim

N!1

NZ
10

1

x lnx
dx = lim

N!1
ln ln jxj

����N
10

= lim
N!1

0@ln (lnN)
#
1

� ln (ln 10)

1A =1

This improper integral diverges.

4.

1Z
0

e�5xdx =
1

5

Solution:

1Z
0

e�5xdx = lim
N!1

NZ
0

e�5xdx = lim
N!1

e�5x

�5

����N
0

= lim
N!1

 
e�5N

�5 � e
�5(0)

�5

!
= lim
N!1

0BB@ �1
�5e5N

#
0

� 1

�5

1CCA =
1

5

5.

1Z
0

xe�x
2
dx =

1

2

Solution: We �rst compute the inde�nite integral, by substitution. Let u = �x2: Then du = �2xdx:Z
xe�x

2
dx =

Z
e�x

2
(xdx) =

Z
eu
�
�1
2
du

�
= �1

2

Z
eudu = �1

2
eu + C = �1

2
e�x

2
+ C

Now we are ready to evaluate the improper integral.

1Z
0

xe�x
2
dx = lim

N!1

NZ
0

xe�x
2
dx = lim

N!1
�1
2
e�x

2

����N
0

= �1
2
lim
N!1

1

ex2

����N
0

= �1
2
lim
N!1

0BB@ 1

eN2

#
0

� 1

e02

1CCA =
1

2

6.

1Z
0

xe�5xdx =
1

25

Solution: We �rst �nd the antiderivative by integrating by parts. Let u = x and dv = e�5xdx.
Then du = dx and

v =

Z
dv =

Z
e�5xdx = �1

5
e�5x + C

c
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So we have u = x v = �1
5
e�5x

du = dx dv = e�5xdxZ
u dv = uv �

Z
v du becomesZ

x e�5xdx = �1
5
xe�5x �

Z
�1
5
e�5x dx = �1

5
xe�5x +

1

5

Z
e�5x dx = �1

5
xe�5x +

1

5

�
�1
5
e�5x

�
+ C

= �1
5
xe�5x � 1

25
e�5x + C

Now for the improper integral:

1Z
0

x e�5xdx = lim
N!1

NZ
0

x e�5xdx = lim
N!1

�
�1
5
xe�5x � 1

25
e�5x

�����N
0

= lim
N!1

��
�1
5
Ne�5N � 1

25
e�5N

�
�
�
�1
5
(0) e�5(0) � 1

25
e�5(0)

��

= lim
N!1

��
�1
5

N

e5N
� 1

25e5N

�
�
�
� 1

25

��
= lim
N!1

0BB@ 1

25
� 1
5

N

e5N
#
?

� 1

25e5N
#
0

1CCA
The limit lim

N!1

N

e5N
is an

1
1 type of an indeterminate. We apply L�Hôpital�s rule:

lim
N!1

N

e5N
= lim
N!1

1

5e5N
= 0

Thus
1Z
0

x e�5xdx = lim
N!1

0BB@ 1

25
� 1
5

N

e5N
#
0

� 1

25e5N
#
0

1CCA =
1

25

7.

1Z
�1

1

1 + x2
dx = �

Solution: Both limits of this integral are in�nite. In case of such an integral, we separate it to a sum of two
improper integrals

1Z
�1

1

1 + x2
dx =

0Z
�1

1

1 + x2
dx+

1Z
0

1

1 + x2
dx

Because f (x) =
1

1 + x2
is an even function, the two integrals are the same:

1Z
�1

1

1 + x2
dx =

0Z
�1

1

1 + x2
dx+

1Z
0

1

1 + x2
dx = 2

1Z
0

1

1 + x2
dx = 2 lim

N!1

NZ
0

1

1 + x2
dx

= 2 lim
N!1

�
tan�1 x

�����N
0

= 2 lim
N!1

�
tan�1N � tan�1 0

�
= 2

��
2
� 0
�
= �
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Integrands with Vertical Asymptotes

Some integrals are improper because they represent an in�nitely tall region. These are not trickier to compute

but more di¢ cult to detect. For example,

1Z
0

1

x
dx appears to be a de�nite integral. However, there is a vertical

asymptote at zero, making the integral improper.

8.

1Z
0

1

x
dx =1

Solution: We compute the limit of de�nite integrals as the lower limit approaches zero.

1Z
0

1

x
dx = lim

h!0+

1Z
h

1

x
dx = lim

h!0+
(ln jxj)

����1
h

= lim
h!0+

(ln j1j � ln jhj) = lim
h!0+

(0� (�1)) =1

The area under the graph is in�nite; this integral diverges.

9.

1Z
0

1p
x
dx = 2

Solution: We compute the limit of de�nite integrals as the lower limit approaches zero.

1Z
0

1p
x
dx = lim

h!0+

1Z
h

x�1=2dx = lim
h!0+

�
2
p
x
�����1
h

= lim
h!0+

�
2
p
1� 2

p
h
�
= 2

The area under the graph is 2.
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10.

1Z
0

lnx dx = �1

Solution: This is an improper integral because there is a vertical asymptote at zero.

We compute this integral by taking the limits of de�nite integrals, between a small positive number and 1.

1Z
0

lnxdx = lim
h!0+

1Z
h

lnxdx

We compute the antiderivative of lnx by integration by parts. Let u = lnx and dv = dx. Then du =
1

x
dx

and v = x. Z
u dv = uv �

Z
v du becomesZ

lnx dx = x lnx�
Z
x

�
1

x
dx

�
= x lnx�

Z
dx = x lnx� x+ C

The improper integral is

1Z
0

lnxdx = lim
h!0+

1Z
h

lnxdx = lim
h!0+

(x lnx� x)
����1
h

= lim
h!0+

((1 ln 1� 1)� (h lnh� h))

= lim
h!0+

0@�1� h lnh
#
?

� h
#
0

1A
As h approaches zero from the right, lnh approaches negative in�nity. This means that lim

h!0+
h lnh = lim

h!0+
lnh
1

h
is an

1
1 type of an indeterminate. We apply L�Hôpital�s rule:

lim
h!0+

lnh
1

h

= lim
h!0+

1

h

� 1

h2

= lim
h!0+

1

h

�
�h2
1

�
= lim
h!0+

(�h) = 0

Thus the improper integral is
1Z
0

lnxdx = lim
h!0+

0@�1� h lnh
#
0

� h
#
0

1A = �1
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11.

4Z
�1

x

x2 � 9dx = unde�ned

Solution: This is an imporper integral because there is a vertical asymptote at x = 3.

We again separate this into two improper integrals, the area of the region to the left of 3 and to the right of 3.

4Z
�1

x

x2 � 9dx =
3Z
�1

x

x2 � 9dx+
4Z
3

x

x2 � 9dx = lim
a!3�

aZ
�1

x

x2 � 9dx+ lim
b!3+

4Z
b

x

x2 � 9dx

We �rst compute the inde�nite integral by substitution. Let u = x2 � 9. Then du = 2xdx.Z
x

x2 � 9dx =
Z

1

x2 � 9 (xdx) =
Z
1

u

�
1

2
du

�
=
1

2

Z
1

u
du =

1

2
ln juj+ C = 1

2
ln
��x2 � 9��+ C

Now we are ready to evaluate the improper integral.

3Z
�1

x

x2 � 9dx = lim
a!3�

aZ
�1

x

x2 � 9dx = lim
a!3�

1

2
ln
��x2 � 9������a

�1
=
1

2
lim
a!3�

ln
��x2 � 9������a

�1

=
1

2
lim
a!3�

�
ln
��a2 � 9��� ln ���(�1)2 � 9���� = 1

2
lim
a!3�

�
ln
��a2 � 9��� ln 8� = �1

The other part:

4Z
3

x

x2 � 9dx = lim
b!3+

4Z
b

x

x2 � 9dx = lim
b!3+

1

2
ln
��x2 � 9������4

b

= lim
b!3+

�
1

2
ln
��42 � 9��� 1

2
ln
��b2 � 9���

= lim
b!3+

�
1

2
ln 7� 1

2
ln
��b2 � 9��� =1

When we combine two improper integrals, �nite sums are allowed to be added, such as in problem #7.
However, the sum1+(�1) is an indeterminate and in this case, it is not de�ned. This integral is unde�ned.
We also say that the area under the graph is unde�ned.

12.

25Z
0

1p
x
dx = 10

Solution:

25Z
0

1p
x
dx = lim

a!0+

25Z
a

x�1=2dx = lim
a!0+

2
p
x

����25
a

= 2 lim
a!0+

p
x

����25
a

= 2 lim
a!0+

�p
25�

p
a
�
= 10

c
 Hidegkuti, Powell, 2009 Last revised: August 24, 2013



Lecture Notes Improper Integrals page 9

13.

2Z
1

1p
2� x

dx = 2

Solution: We �rst compute the inde�nite integral, by substitution. Let u = 2� x. Then du = �dx and so
dx = �du: Z

1p
2� x

dx =

Z
1p
u
(�du) = �

Z
u�1=2du = �2u1=2 + C = �2

p
2� x+ C

Now we are ready to evaluate the improper integral.

2Z
1

1p
2� x

dx = lim
a!2�

aZ
1

1p
2� x

dx = lim
a!2�

�2
p
2� x

����a
1

= �2 lim
a!2�

p
2� x

����a
1

= �2 lim
a!2�

�p
2� a�

p
2� 1

�
= �2 lim

a!2�

�p
2� 2�

p
1
�
= �2 (�1) = 2

14.

5Z
0

1
3
p
2� x

dx = �3
2

�
3
p
9� 3

p
4
�

Solution: We �rst compute the inde�nite integral, by substitution. Let u = 2� x. Then du = �dx and so
dx = �du Z

1
3
p
2� x

=

Z
1
3
p
u
(�du) = �

Z
u�1=3du = �3

2
u2=3 + C = �3

2
(2� x)2=3 + C

Now we are ready to evaluate the improper integral.

5Z
0

1
3
p
2� x

dx =

2Z
0

1
3
p
2� x

dx+

5Z
2

1
3
p
2� x

dx = lim
a!2�

aZ
0

1
3
p
2� x

dx+ lim
b!2+

5Z
b

1
3
p
2� x

dx

= lim
a!2�

�3
2
(2� x)2=3

����a
0

+ lim
b!2+

�3
2
(2� x)2=3

����5
b

= �3
2

 
lim
a!2�

(2� x)2=3
����a
0

+ lim
b!2+

(2� x)2=3
����5
b

!

= �3
2

�
lim
a!2�

�
(2� a)2=3 � (2� 0)2=3

�
+ lim
b!2+

�
(2� 5)2=3 � (2� b)2=3

��
= �3

2

�
�22=3 + (�3)2=3

�
= �3

2

�
� 3
p
4 +

3
p
9
�
= �3

2

�
3
p
9� 3

p
4
�

For more documents like this, visit our page at http://www.teaching.martahidegkuti.com and click on Lecture
Notes. E-mail questions or comments to mhidegkuti@ccc.edu.
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