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406 Finding Derivatives

1. If y = f(z), what is meant by the symbol:

Dy dy

? ? et Y,

(a) Dz’ (b) Dy? (c) Da. (d) B!

2. If (21, ) is a point on the graph of y = f(z), what ix thy
D

geometrical interpretation of: (a) IT‘Z? () Z—z?

3. What is the slope of a tangent to a graph when the tunguf
is parallel to the X-axis? !

4 Ify=a+br+ c2?+ dx*+ -- -, what is%?

B, What.is gg S PR, S R Y

Find the derivative when:

7. y=3z+5
9. y=2? 10. y = 222 — 3z

12. y =23 13. y = 2234 3z

16. y =323 — 222+ — 4

6. y =2z 8. y=x2+2

11, y =22 — 30 4§
14, y =23 — 20 )
16. y = 42% — 32> -}
17. Find the value of the derivatives in Examples 6 to 16 wlun
zis: (a) +2 ®b) —1%
18. What is the slope of the tangent toy = 2 — 5x 4+ 2 at «+

Note. This is also called the slope of the curve at z = 1.

19. Is there a point where the tangent to y =2 —z | 4
parallel to the X-axis? If there is, find both coordinates al (f
point.

20. (a) Is there a point where the tangent to y = 22? |
is parallel to the X-axis? If there is, find both coordinates of 1)
point.
(b) Also find the equation of the tangent to the grujh
that point.

21. Write the equation of the tangent to y = 5 — 22 at the
where z = 1.

22. (a) If the graph of y =2+ 2> —z+ 3 has any pullf
where its slope is zero, find their coordinates.
(b) Find the equations of the tangents to the graph ni yy
such points.

F. Partial Fractions 407

n Chapter 3, you learned how to combine two or more
lions into a single fraction.

2 3r  2x+2+32"—3x
zt—1 z+1 =l
32 —x+2

a3 =1\

hus:

1 some parts of mathematics it is necessary to do the
rse problem; namely, to find the fractions with prime
pminators that equal a given fraction when they are com-

. ( See the last page to lecompose back to the original state. )

‘his is falled_ findipg the partial fractions whose algebraic
equals a given fraction.

'he following theorem about polynomials must be proved

orem. If two polynomials A(x) and B(x) of degree n
re equal for more than n values of x, then the coefficients
if (ke powers of x in the two polynomials must be equal.

Or.
. Let A@@) =ao+ ax + a2’ + - - - + a.2"
and B(z) = bo+ bix + bex> + - - - 4+ bz
and let A (x) = B(x) for more than n values of x.
. I‘rom 1, by subtraction:
(@ — bo) + (a1 — b)x + (@z — b2)22 + - - - + (an — by)z" =0
Jor more than n values of x.
. But if every coefficient in Step 2, including (a0 — bo), # O,

then we have an equation of degree n with more than n roots
and this is impossible.

aw—b=0;a1—b=0;a—b:=0; - an— b, =0,
or Q = bo, a = bl, = bz, an = by
We are prepared next to take up the study of the
neipal part of Topic F.

here are several cases or types of such problems and
will be considered in turn.




408 Partial Fractions

Case I. When there are no equal factors in the denominator.

19241
ExampLE 1. Separate Bz 1)z +2)

into partial fractions.
SOLUTION.
19r+ 1 A B

Br—1)(z+2) 3c—1 bo+2
where A and B are numbers independent' of z.

192 +1=A(Gr+2)+ BBz —1)
or 192+ 1=(5A+3B)2x+24A—B (4)
. Equation (1) must be true for every value of x excepl

z=4%and — 2.

4))

1. Let e

members of equation (2) are equal. That is, 54 + 3B = I
and 24 — B = 1.
Solving these equations, A = 2 and B = 3.

B S 19241 2 3
6. Substituting in (1), Br= DGz +9) o o =~ i

&

ExampLE 2. Separate %—ft—{? into partial fractions.

X

SOLUTION.
1 i e e z+4 i z+4
] x—a—2 z@2-z—2) z2+z)(l-2)
z+4 A B C j
2. Assume 2x-—x2—x3_;+.1——7+2+z. (i
3.~ xz+4=A01-2)2+2)+ Bz(2+2x)+ Cx(1 —2)

4. & x+4=A2—z— 2%+ 2Bz + Ba*+ Cx — (7
=24+z(—A+2B+C)+22(—A+B-C) )

5. Since equation (4) is true for more than two values of

gou 24 =4, oridi=12
—A+2B+C=1, and —A+B-C=0
~ 2B+C—-2=1 or 2B+C=3
and B—-C—-2=0, or B—-C=2
: 2B+C=3 "
6. Solving the system { B_(C=2 =% and C=~}§

EApllO AT N0 HERD. 1
—z2—28 z 3(1-—-2z) 3(2+2)

7

. Therefore the coefficients of like powers of z in the twi =

409

Separate each of the following fractions into partial

Partial Fractions

i actions:
6 2¢— 5
1'x2—3x—10 2'91:2—590—14
3z + 2 8x

- 3 — 162 4 2 — 4

5 20+15 6, 3+ 5y —2

R 9—a’ " A l)

1 13 — 4m g _ 29p—12

* 10m® + 1lm — 6 " 10p° — 23p + 12
9 38c+5 10 ar — 19a®

62+ 5¢c—6 * 22+ 4ax — Ha?

= 2 o

11. 46t — 5x 19. 22+ 10x — 7

82 — 18xt — 5a?

27x — 13224 18

(2% — 2z) (2% — 9)
3z — 20

x? + 3z — 10

2z — 1)(122* — = — 6)
4z% 4 9z + 12
2z — 1)(x* + 5z + 6)
52 4+ 13z
"+ 12— z—12?)

14,

13.

15. 16

Yase I1. When all the factors of the denominator are equal and
of degree one.

z?2— 11z 4+ 26 .

Let it be required to separate @ =3y into partial

actions.
Substituting ¥ + 3 for z, the fraction becomes:

+3)°—11(y+3)+26 _y>—5y+2_1_5 2
v y y v 9
Replacing y by = — 3, the result takes the form:
1 5 2
z—-3 (@-3¢ @-3)

This shows that the given fraction can be expressed as
e sum of three partial fractions, whose numerators are
idependent of z, and whose denominators are the powers
¢ — 3 beginning with the first and ending with the third.
The number of partial fractions is the same as the number
equal factors in the denominator of the given fraction.



410 Partial Fract;
arfial Fractions Partial Fractions 41

ExampLE. Separate Case I111. When some of the factors of the denominator are

O =5k,
Bz + 5)? 20 Dartial fractions.
equal.

SoLUTION.
22—4x+ 3

ZEFI¢ into partial fractions.

1. Assu.rne the given fraction equal to the sum of fwo partinl ExampLE. Separate
fractions, whose denominators are the powers of 3z + 5 be

ginning with the first and ending with the second. - SoLuTION.
Thus: 6z+5 4 B 1. Case III is a combination of Cases I and II.
F Br+ 57 3 +37F gy gy  OENTTUTY R Gl S
i = gxig=§1é3x+5)+3 ' s@+1)? =z z+1 @+ Ip
. B =Sl L 54 BB . :
3. Equating the coefficients of like powe:; of & Q0 g O i g 42(1_ _?_ 12+ Bz(z+ 1) + Cz
34 = ’ P
A Bledik =A+B)x*+(24+B+C)x+ A4
4. s A=2%and g o s 4. Equating the coefficients of like powers of z,
645 2 A+B=1
5. Whene = 5
R A TR S 24+B+C=—14
' A=3
The solution can be checked, of o ! !
fractions of the right member of the eq(i;);rii‘; o};ySt(:;)n})bmmg 5 oo thezse ezuailgns, -;1 - 3’23 e 2é e
. : Y . 6. Wh desmprtamop o B gl TSmO T
' Separate each of the following Fractions into partial . : e @+ 1) z z+1 @+1p
tions:
4 X
. A h
1. 91 =g T Note fraction of the form T AT ) SO I e
(z —2)° " (m+3) 48 should be assumed equal to
2r* 45
3 622 — 2 ' A B E F K
- 1) 4. ¢ ' | W i ¢ on oo S ool s o s
(9; ) (x — 3)3 , 'x+a+x+b+ +x+m+(x+m)2+ +(:v+m)’+ ’
s 9 =)
o (3y —2)* 6. # . Factors like z + a and z + b have single partial fractions cor-
323 — 95 4 1 &t 9 responding to them as in Case I; and repeated factors like (x 4 m)"
7. BT T 8 ¥t4—1 have r partial fractions corresponding to them as in Case II.
) G+ 57 T o L
0. 26(1 — 11 {5, 10 $88m — 1 Separate the following into partial fractions:
9a” — 6a + 1 . (bm + 2)° S L 2 32* + ¥ 4242,— 16
e WA Al 12 2+ 422+ Tz + 2 B et . gzt
{c =kl W 3 142? — 53z — 4 44563—'1)2—71)—4
5 —ays . 2 2
e 1823 — 2122 + 4z 14 8T 4422 — 5 Bz + 2)(2x — 3) 2?(x + 1) .
(B — 2)* = w — 42® 4 2922 — 362 — 9 6 7— 13z — 42?2
— 3224+ Tx —6 h z(x — 1)(xz — 3)? " (822 —2x—3)2x+ 1)
Bl 16, R E q 3P +3z+4 g _da*+62°+10z+3
(a+2) “Cr—- 1)@z + 1P - 68—z — D@2z + 1)°




412 Partial Fractions

We shall next assume that the degree of the numerator is
equal to or greater than that of the denominator.

Divide the numerator by the denominator until a re
mainder is obtained which is of lower degree than the
denominator.

2~ 3z =1

ExampLE. Separate e s into an integral expression and

partial fractions.

SoLuTION.
1. Dividing 2* — 32> — 1 by 2% — 2, the quotient is z — 2, and
the remainder — 2¢ — 1; then:
s b | |
Era M

into partial fractions by the methaol

of Case I; the result is ot
=1

el

3. Substituting in (1), % i

2. Now separate #_—1
=

3

r—1

x

Separate each of the following fractions into an integral
expression and two or more partial fractions:

m?+ 1 2
1: R 2. oz
g 229 g W —a+2
T Or— 9 — 222 T 622 —6
5. 7 6 1243 — 17y2 + 7
bt " 3P —b5y—2
7 a+2a+9 8 1022 — 35z
© 6a® + 24a + 18 © 1222+ 18x — 12
2+ 17z + 1 40 — 40+ 1
% Prz-12 el
11 8a2 — 5a + 2 12 3c2+2¢c—1

40* — 1 —4dc+4

38— 22241 22— 5
22—z —2 R o |

Partial Fractions 413

We shall consider, next, a fraction whose denominator
has factors partly of the first and partly of the second
degree, or all of the second degree, and whose numerator
is of lower degree than the denominator. For a partial

fraction having a denominator of the second degree, the

numerator has the form Az + B.

ExaMpLE. Separate 3—1— into partial fractions.
z

+1
- SOLUTION.
1. The factors of the denominator are z + 1 and 2*> — z + 1.
1 A Bx+C
= 1
2. Assume 3 e e A A PO T (1
3. n o l=A@ -2+ 1)+ Bz+C)(xz+1)

or 1=A+B2x22+(—-A+B+Czx+A+C.
4. Equating the coefficients of like powers of z,

A+B=0
—A+B+C=0
A+C=1
5. Solving these equations, A =%, B=—13, and C = 3.
1 1 T —2

6. Substituting in (1), P T A1/ g T

Separate each of the following into partial fractions:

S5x2+ 1 2 2+ 162 — 12
AR "Bz r D@ —z+3)
3 222+ 11z — 7 p, 2%

* 2z — 5)(x2 + 2) * 8+ 1

622 + 18z 6 323 — 5 +x—3
3 x — 27 , t—1
q 12 + 13z — 222 8 223 + 22% + 10
i 83 — 27 Copttat+1

2 . 3 3 Y JR— _2
9 ax® —x 10.1 6x 122 4

zt — 16

T w02
@4+ 4)(@?—2x+ 1)

* :c3+a3

e sl
" Br+ 1@ - 3)




Note:

We must only proceed if we have a proper fraction. Let's revisit our first example. We

3x* —x+2 . 3P —x+2 .
+ toget ——————. Since ————— is not a proper
x—=1 x+1 x =1 x° =1

combined

. . . . ) S5—x .
fraction we must divide the denominator into the numerator to obtain 3 + —; . Using

X~ -

the decomposition process heretofore discussed we find that 3 + " is equal to
x —_—

2 ) ) . . )
3+ — or if we combine the first and the last terms we will obtain

x—1 x+1
2 3x
+ .
x—1 x+1
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