STANDARD

3} MATHEMATICAL
TABLES awo
FORMULAE

5.4 TABLE OF INDEFINITE INTEGRALS

All integrals listed below that do not have stars next to their numbers have been
verified by computer. Note that the natural logarithm function 15 denoted as log x.

5.4.1 ELEMENTARY FORMS

" [l!l-e"l’l.'_ﬂ'.

a fixydy =a [ Flxydx.

—

E

l-u-

N ey e dy
3. (,'n'-l-.lm'l = —dy, where y' =
H . . d

i

¥ ..-u'l = li [:."I — I vt = Hy — [l'u‘.‘e.

© du
~dx = uv — i dx.

-!'lll.sl..

4. * I i+ vidy = I iy + [ vedx, where u and v are any functions of x.
6. 4-[

..l..ll' |
7. [a dx = 3 except whenn = —1.
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9.*/
10.*/

’} dx =log f(x), (df(x) = f'(x)dx).

(
(x

x)
)
PO gy = JF®), @f o) = £/(x) d).
2/F @)
11. | ¢*dx = €~.
12.

13.

/

/

/ >
14. /logxdx =xlogx — x.

/

/

/

15. | a*dx = a , a>0
loga
d 1
16. ol = —tan"' =
a’+x? a a
ftanh_li,
d a a
17. r or
a* —x? 1 a+x
— log ., at>x?
2a a—x
1 X
J —;coth pr
18./ 5 o S = or
AT —a | X —a ) )
— log , >a
2a X +a
L X
sin m
d
19. %Z or
a—* —cos_li, a* > x?
la|
dx
20./:10 (x—l— xZ:i:a2>.
Vx2+a? g

21 / dx 1 X
] ——— = —sec” —.
xa/x% — a? |al a

1 a+va? £+ x?
22 —log| —— ).
X

/ dx _
oV a

5.4.2 FORMS CONTAINING a + bx

(a + bx)"!

23. bx)'dx = —————, —1.

/(a—i— x)" dx (n 1 Db n=#

n 1 n+2 a n+1
24/x(a+bx) dx:m(a+bx)+ —m(a+bx)+, n;é—l,n;ﬁ—Z.
1 [ (a+ bx)"+3 (a + bx)"*? (a + bx)"*!

25. 2 bx)'dx = - | ———— =2 g ) -1,

/x(a—i— x) b3[ n+3 . n+2 ta n+1 n#

n# -2, n#-3.
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26. /x’”(a + bx)'dx =
X" a + bx)" an

m-+n+1 m+n+1
or
1

/x’"(a + bx)" ldx,

|:—x'”+1(a +bx)" - (m+n+ 2)/xm(a + bx)"*! dxi| ;

a(n+1)
or
1
bmtnsD [xm (a+ bx)""" —ma / X" Ya + bx)" dx] )
27f “_ Llogita+ bl
N ahe = p legllat+ bl

1
28. / (a + bx)? - _b(a—|—bx).

29 dx _ 1
"] (@+bx)®  2b(a+ bx)*

1
—2[a+bx—alog(a+bx)],

X b
30./ dx = or
a+bx x
B—ﬁlog(a—i-bx)
3. /(aerX)2 = lvl[log(a+bx)+ +b}
32[ x=1|: -l n a } n£ 1, n2.
(a+bx)” b2 | (n—2)(a+bx)"2  (n—1D(a+bx)"!]’ ’
33. / dx = 1( (a + bx)*> = 2a(a + bx) + a* log(a—l—bx))
a+bx b3
34/ 1(a+bx—2a10g(a+bx) @ )
(a—f—bx)2 b a+ bx
35. f dx = 1<log(a+bx)+ 20 @ )
(a + bx)3 b3 +bx  2(a+ bx)?
1 2a
36. / (a+bx)” B |:(n—3)(a+bx)" 3 (n —22)(cz—|—b)c)”—2
a
_(n—l)(a—i—bx)”_l n#1,n#2, n#3.
37./dx=—110ga+bx.
x(a + bx) a x

dx 1 1 a+ bx
38./ = — — log .
x(a+bx)? a(a+bx) a? X

dx 1 {1 /2a+bx\> a—+ bx
9. | —m=—| = — log .
x(a+bx)? a*> |2\ a+bx X

40 / dx 1 n b 1 a—+ bx
] ==+ —1o .
x2(a + bx) ax a2 &
dx 2bx —a b? X
41. = — 1 .
/ x3(a + bx) 2a%x? + a’ o8 a—+ bx

0 / dx _ a+ 2bx % a+ bx
") x2(a+bx)? a’x(a+ bx) '
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5.4.3 FORMS CONTAINING c¢? + x> AND x? — ¢?

d 1
43. / _Y ' L
c2+x2 ¢ c

dx 1 c+x
a4, | L= 2>l
/CQ—X2 2¢ Ogc—x “=*
dx 1 x—c
4. | —— = —1 , X2 2.
/x2—62 2¢ ng—l—c e

X 1 5 5
46/02:|:xzd)€=ﬂ:210g(c :l:x)

X 1
47. | ———dx=F————.
/ (2 + x2)n+1 X :an(cz + x2)n

dx 1 X dx
48. / (C2 :l:x2)n = 2C2(I’l— 1) |:(C2 :I:xz)"*l +(2n—3)/wi|

49/ dx _ 1 B X e _3/ dx
’ (xz _CZ)n - 262(71 -1 |: (xz _CZ)n—l n ) (xZ_CZ)n—l] '

X 1 2 5
SO/MCZ)C:leg()C —C).

X 1
1. | ——dx=—————.
/ ()C2 _ c2)n+1 X 271()(72 — c2)n

5.4.4 FORMS CONTAINING a + bx AND ¢ + dx
u=a+bx, v=c+dx, and k=ad —bc. ((Ifk=0,thenv = (c/a)u.)

dx 1 v
52. [ &= Clog (7)
uv k u
X 1 sa c
dx 1 /1 d v
54, | — =—-|—-—4+—1log— ).
uv  k <u + ko8 u>
X a c v
5. | —dx=———— —log—.
u?v x bku  k? Ogu
x? a? 1 [/c? a(k — bc)
56. uTvdX = bzku —+ P (d lOgU + T lOgM) .

57 / dx 1 —1 b(m + 2)/ dx
. = — m n — .
upm k(m _ 1) un—lvm—l unvm—l

bx  k
58./de=—x = Jogu.

v d d?
1 m+1 m
b(n—m—2 dx |,
o L o0 [ S
or
59 um d 1 um + k/ um—l d
. —dx = — m ,
V" dn—m—1) | v! v *
or
1 u™ b/ um—] 4
din—1) Lot~ "7 )
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5.4.5 FORMS CONTAINING «a + bx"

d 1 Jab
60. f t tan~! e , ab > 0.
a+bxr Jab a
1 a + x+/—ab
, ab <0,
2«/ —ab a — x+/—ab
61. / =
2
a+ bx 1 | xy/—ab
tanh , ab < 0.
/—ab a
1 bx
62. = — tan~ ' ==,
/ b2x2 ab an a
1
63. 1 b
/a+bx bog(a+x)
64. / _xX_a / _ax
a+ bx2 b bJ a+bx?
65. / _ x L 1 / dx
(a + bxz)2 "~ 2a(a + bx?) a4+ bx?’
1 a—+ bx
66. = 1 .
/612 b2x2 2ab 24— bx
67. =
/ (a + bxz)erl
1 X n 2m — 1 / dx
2ma (a + bx?)" 2ma (a +bx2)" '
or
2m)! @ '(r — D! 1 d
(2m)! Z 7” (r—1) 4 / X ‘
(m!)? — (4a)"(2r)l(a + bx?) ~ (4a)" ] a+ bx?
68. vdx ! .
(a + bx%)ym+1 2bm(a + bx?)m
69 x?dx _ x N .
(a + bx%)ym+1 2mb(a + bx>)™  2mb | (a + bx*)m
dx 1 x?
70. | ————— = —log———.
/ x(a+bx?) 2a . a + bx?

/' dx 1 b / dx
n|f <+ -7 .
x2(a + bx?) ax aJ a+ bx?

1 " 1 / dx
2am(a + bx2>)"  a ) x (a + bxz)m ’

1
2aqm+! r(a + bx?)" +log a + bx?

r=1

72'/a’x1 — or
x(a+bxz)m+ 1 |: m a 2 :|

1 / dx b / dx
7/ N (S N [ [ —
x2 (a + bx? ’”+ a) x2(a+bx®>» a ) (a+ bx2)mt!

3 J—
74/ dx k [llog(k—f—x) S k]’ —

a+bx3  3al2 a -+ bx? kﬂ
xdx 1 a+ bx? 2x — k

75. = log tan ! 7" 0| k=T,
atbo 3bk[ Ehgap Vo kﬁi| b
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76/ Fdx _ 1, + by
(0]
a+bxd  3p e4THX

77.*f dx
a + bx*

k[1 2 42k 2k? 2k 1/4
[logmﬁan-IX] ab>0,k=<i> ,

2a | 2 x2 — 2kx + 2k? 2k? — x2 4b
or
k{llogx+k+tan‘1xi|, ab<0,k=(—g>l/4.
2a | 2 x—k k b
78/ Ltan lx: ab >0, k=/%.
a+bx4 2bk k’ ’ b
1 x*—k
79. /a+bx4 mlogm, ab <0, k=/-%.
80[ 1|:1 ogxz_ka+2k2+tan_l 2kx j|
a+bx4 = 4bk | 2 x2 + 2kx + 2k 2k2 —x2 |’

ab >0, k= (—)]/4.

x“dx —k X
81. = 2tan"' 2|, ab <0, k= 4—1.
/a+bx4 4bk[0g ke k} 4= b

x3dx
82. =1y bx).
/a+bx4 ap ogla b

d n
83./x - " log .
x(a+bx™) an a + bx"

84 /' dx 1 / dx b/ x"dx
. ((l + bxn)m+1 - a (a + bxn)m a (Cl + bxn)mﬂ .

85 x™ dx 1 x" " dx a x" " dx
“J @+bxyrtt b ) (@+bxmyr b ) (a4 bxmyrtt

36 / dx 1 / dx bf dx
. xm(a +bxn)[7+] - a xm(a +bxn)p a xm—n(a —I—bx")l’+1 .
87. /xm(a + bx") dx =

1

b(np+m+1)
or
1
np+m+1
or
1

aim+1)
or
1

an(p+1)

|:xmn+l(a + bxn)P+1 —a(m—n+ 1)/xm”(a + bx”)” dx:| ,
|:x’"+l(a + bx")? + anp / x"(a + bx")P~! dxi| :

[xm+l(a +bx")P —b(m + 14 np +n) / X" (a 4+ bx")? dxi| ,

|:—x’"+1(a +bx")P T 4+ (m+14+np+n) / x"™(a + bx")P*! dx] )

5.4.6 FORMS CONTAINING ¢ + x3

dx (c £x)3 1 L, 2xFe
88. _ :I:fl t .
/ 3+ x3 6¢? ( 3+ x3 + c2/3 n cV3
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89 X n 2 / dx
] @ Ex3D? T 33 B+ 3¢3 ) A+x3

X 1 X dx
90. = -1 [ |
(@ £y 3 |:(c3 oy 70" )/ = :I:x3)”}

/ xdx 1 A+ 1 1 2xFc

91.

——=—log———- + —1t .
A +x3  6c % (cxx) /3 an V3

0 /' xdx x?2 N 1 / xdx
] (@ ExD?2 T 33 A +x3) 0 3¢3 ) A+x3
xdx 1 x? xdx
93. = + (3 2
(@ £y 3 [(c% Ty 7O )/ = :|:x3)"]
x2dx 1 3 3
94'/c3:|:x3 =j:§10g(c + x°).
05 x> dx _ 1

(CS :tx3)”+1 :F3n(c3 + x3)n :

%. /dx LN S

x(3E£x3) 373 A +x3
97. / dx = ! + i log L
x(AE£x3)? 333 +x3) 0 3¢ 3+ X3

dx 1 1 dx
98. = + = / _.
x(AAEx3H* BpA B £ A3 ) x(B L x3)

dx 1 1 xdx
9 |- =——F— | .
x2(c® £ x3) cAx ) (LX)
100, / dx _ i dx - i xdx ‘
x2S E3)H 3 x2S £ T3] (3£ a3

5.4.7 FORMS CONTAINING ¢* + x*

dx 1 1 x2 + cx/2 + 2 . cx~/2
101. = —log{ ———— | +tanm —— |.
ct+xt 2032 |2 x2 —cxa/2+ 2 c? — x2

x3dx

107. _
ct + x4

1 1 c+x X
102. — =1 tan™' = |.
/ =20 [2 ogc_x—i—an cj|
xdx 1 1)c2
103 fw_wtan C2.
X 1 c? 4+ x?
104. ,/c“—x“ 4021g 5
x2dx 1 1 x2 —cx/2+ . cx~/2
105. 7= —log| ———— | +tan 5 > |-
Yxt 2ev2 |2 x24exy/2+ ¢ c—x
d 1 [1
106. /H: flogc_‘_x—tan*li
ct—x* 2|2 c—x c

1
:l:Z log (c* £ xH.
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5.4.8 FORMS CONTAINING a + bx + cx?

X=a+bx+cx*> and ¢q =4ac—b>.

Ifg =0, then X =c(x + %) 2 and other formulae should be used.

2 4 2cx+b
— tan , q >0,
Vi Va
d or
108./;: -2 2ex+b o
—— tan , q <V,
v =4 v =4
or
1 2 b— /-
log X+ , q<0.
v —q 2cx + b+ /—
2 2
109, [(4X 2ex b 2 [dx
X2 gX q X
110. dj _ 2cx +b L L3¢ 3c 6c dl
X3 q 2X?2  gX q* X
2cx+b  2Q2n—1)c
+ )
J ng X" qn Xn
111./:_6H —1 o
X ) [c\" 26x+b2":(q ) r — Dr! +/dx
n)? \ ¢ g o \eX 2r)! X |
d 1 b d
me. | 24 - Cpex— 2| &L
X 2c 2c X
2
113./xdx: bx + a_é di)c
gX
114/xdx:_2a+bx b(2n—1)/dx.
Xn+1 ann
15 /x dx b ) X+b2—2ac dx
=-——1lo — | —.
c 22 & 2¢? X
2d -2 2
116‘/x dx ac)x + ab 2a a;x
X? cqX q X
117fx’”dx_ xm! n—m—i—lb/x’"1
' X+ 2n—m+DcX® 2n—m+1c ) X+

n m—1 a/x”l_zd
- x.
2n—m+1c ) Xnt!
d 1 2 b d
118. x:logx—/x.
xX 2a X 2a X
dx b X 1 <b2 c) dx

119. —— = —1log — — — .
x2X  2a? g x2  ax X

2a’ a

dx 1 b dx 1 dx
120. = Y _
xX"  2a(m—-DX"!' 2a) X" a) xXr!
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121/ dx 1 n+m—1b/ dx
: xm X n+l - (m — 1)axm—1Xn m—1 a xm—1xn+l

2n+m—lc/ dx

m—1 a) xm2xn+l’

5.4.9 FORMS CONTAINING +/a + bx

122. /\/a +bxdx = —\/(a + bx)3.

2(2a — 3b
123. /x«/a + bxdx = _(0157172)6)‘/ (a + bx)3.

2(8a” — 12ab 15b%x?
124./ 2Ja+bxdx = (8a* 1?)5;:_ )v( + bx)3.

125. /x”’Va + bxdx =

m |: m J(a+bx)?—ma | x" 'Va+ bx dxi| ,
or
Va+bx i MO gy
bm+1 L= r\(m —r)\(2r + 3) '
Ja + bx dx
126./dx =2\/a+bx+a/.
X x~/a + bx
127 /«/a—{—bxd 1 ,/(a+bx)3+(2m—5)b/«/a—|-bx
] ————dx=— .
" (m—1a xm=1 2 xm-1
128 / _ 2da+bx
) Va+bx b ’
xdx 2(2a — bx)
129. = Va
Ja+bx 3b?
x2dx 2(8a* — 4abx + 3b*x?)
130. = va + bx.
a+ bx 1503
2
e E—— va+bx — ma/ j|
" dx @2m + 1)b [ a+ bx
131. | —— = or
va+bx 2(—a)"/a + bx i (—1)'m!(a + bx)"
bl — Q2r+ Drliim —r)lar '
2 a + bx
tan”' , 0,
Ner an — a<
132.f = or
x+/a+ bx 1 | fa + bx — \Ja 0
—log| —V———— a>0.
NG s Va+bx +4/a
133, dx __\/a—i-bx

x2Ja +bx ax " 2a / xva + bx
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dx
134. [ — =
fx”«/a%—bx

va+ bx 2n —3)b /‘ dx
(n—Dax"'  Q2n—2a ) x'Ja+bx’
or

2n —2)!

[(n— D

r=1

2 b (2+n)/2
135. /(a +bx)™ dx = %.

Va+bx =i — 1) b\ ! b \"! dx
T a X7 (2r)! (_4a> +<_4a> /XWMX '

b2 +n)
2 [(a+bx)* M2 a(a + bx)*Em/?
136, br)*2 dx = = _ '
/x(a+ *) * b2|: 4+n 2+n
dx

dx 1
) Ky S [ S—
x(a+bx)"?  a ) x(a+bx)n=2/2

b / dx
al (a+bx)V?

bx)"/? bx)n=2/2
138./de :b/(a+bx)("_2)/2 dx+a/ (@ +bx)™ 0"
X

X

5.4.10 FORMS CONTAINING +/a + bx AND /c + dx

u=a-+ bx, v=c+dx,

k =ad — bc.

If k=0, thenv = Z'u, and other formulae should be used.

2 tanh-! ' bduv
Vbd bv
2 canh-! v bduv
bd du
139, / dx  _ L og (v + Vbduv)?
Juv Jbd & v ’
2 can-! v/ —bduv
—bd bv
1 Gin-! (Zbdx +ad + bc)
_ ; LaxTadr ey
/—bd k|
k + 2bv k2 dx
140. | Juvdx = Vuv — — )
/ MO ="ud V" T 8bd | Juw
! logdf_vkd kd >0
Vkd T dJu+kd ’
or
2
141. / Ci;’ - ! log <dﬁ _ kd) kd >0
v/ U ) )
Vkd v
or
2 N
tan , kd < 0.
—kd —kd
142 xdx _ uv ad + bc dx
] Juv  bd 2bd Juv’
143.f dx__ 2w
v/ uUv kv
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bd >0, k >0,
bd > 0,
bd < 0,

bd < 0.



144, vdx _ Juv _ i dx '
b 2b Juv

Juv
145.[\/de=|2| i’/‘%.
146. /v’"ﬁdx - (2mi3)d <2vm+‘ﬁ+k/ v":/‘;x).

147‘/vjf/ﬁ:_<m—11>k<z;m/ﬁ1 +<m_3>b/wdlxﬁ)

2 . =l
. b(2m—|—1)<v u—mk/ﬁdx>,
148. | L_ax= or
Viu 2mD S I 4N\ @)
b2m + 1) & (_b> ezl

5.4.11 FORMS CONTAINING +/x2 4 a2
149. /\/x2 +a’dx = % [x\/x2 +a? +a*logx + /x2 :I:az] .

dx
150. | —— =logx + vx%2 £ a2
/\/xzzlza2 g
dx 1 X
151. _ = — -1z
/)c\/xz—a2 lal R
152 / dx 11 a+vxt+a?
] ———=—log| ———— .
x+/x% +a? a g X
3 ) 3 )
153.fw+adx: Wﬂz_alog(fw W)
X X
V)
154./de: 2 —a? —lajsec' X,
X a
X
155. | ——dx =Vx2+ 42
/«/xz:l:a2
1
156. /x\/x2 +a2dx = 5‘/ (x2 4 a?)3.
1 3a?
157. /\/(xz:l:az)3dx = [x (x2+ a2+ azx\/xz:i:a2

3 4
—l—% log <x + v x2 ia2>i| .

/‘ dx . +x
) Jr L a2y NSO
—1

x
] YY————dx =
V(@x? £ a?)? Vx? £ a?
1
160. f)c\/()c2 +a?)3dx = —+/(x? £ a?)’.

5

2 4
161./x2\/x2:|:a2dx=2 (x2:|:a2)3:|:%x\/x2:|:a2—%logx—l-\/xzzl:cﬂ.

158

159
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1
162. /x3\/x2 +a?dx = — (Bx* —2a*)V/ (x2 + a?)3.

15
1 2
163. /x3\/x2 —a%dx = 5\/ (x2 —a?’ + %\/ (x2 — a?)3.

x? x a’
I N SV ST NI g /2 & 2
/ xz:l:azdx_Z x:l:aqzzlogx—l— x? +a?.

x3 1
. —_ 2 2)3 2 2 2
/ xz:tazdx_3\/(x + a2) F a*V/x2 + a2
dx Vx2 £ a?

164

165

166. ———dx =
x2y/x2 £ a? rEF a’x
dx Vx4 a2 1 a+vxt+a?
167. [ gy =-Y2 T gt YT
xX3V/x2+a? 2a2x? 2a3 x
168 dx Yoah 1 et

. - dx =
Ny . 2a%x? + 2lal? 5
2 4
169. /x%/(x2 ta)dx = % (2 £a2)5 T %\/(X2 ta’) — %\/x2 Ta

6

:Fa— log (x +vVx2+ a2).
16

1 2
170. /x3\/(x2 ta)ydr =V £a?) F %\/(xz + a?)s.
/ \/xzzlzazd Vx2+a?
) ———dx=———
x2 X

171 +log <x +V/x2+ a2).

/ \/xz—}—azd Vxr4a® 1 a+x*+a?
| dx = —— — —_—
x3 x

172 - 1,
2x? 2a 8
Vx? —a? VX2 —a? 1 X
173. | ———dx = — sec” —.
x3 2x2 2 al
PR 21 42)3
174, f v Ea gy Ea)”
x4 3a2x3
x> dx X
175. =— +lo (x + v/ x2 :I:az).
Vv (x2+a?)3 Vx2ta? g
x3dx a?
176. — = {/x?24+a?+ —.
Vv (x2+a?)3 Vx2+a?
dx 1 1 a+Vxt+a?
177. - — L log TR
(@2 +a?)d  aVxrta? a X
dx 1 1 X
178. =— — ——sec —.
xy/(x%2 — a?)? a’+/x? — a? |a3| a
179 dx 1 Vx2+a? 4 X
JoeJertary a x Jeita |
dx 1 3 3 a+x2+a?
180. —_ _ PR
(x2 +a?)? 202x2/x2+a?  2a*Vx2+a?  2a° X
181, 1 3 3 L X

X _
= - - SpsecT —
(x2 —a?)3 2a%x%2/x?—a? 2a*Vx?—a* 2 ’a ‘ a
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182 x"dx 1, S m—1 2/ X d
] Y= —x x?+a a ————dx
Vxrt+a®? om m Jlta?

2m | m | _ '
183, xMdx - (2m)! {szw(q:az)m_r(zx)zr—l

Vxita?2  22m(m!)? = @)
+(Fa*)" log (x + Vx4 a2>] .
Xy I Q) (m)?
184. 24 42 _\E NS 4 2\m—r 2r‘
Sexa Z<2m+1)!(r!)2(jF @y
dx B Vxt+a? (m—2) dx
x’”\/x2 +a? i (m — Da?xm-! i (m—1a* ) xm2/x2+a?

(m — l)lm!(zr)!ZZm—Zr—l
186. 24 g2 .
xz’”\/m FZ (r1)2(2m) ! (Fa?)n—r x>+

187, dx _ 2m)! x? -i—a2 i( Ly ri(r —1)!
X2t /x2 4 g2 (m!)? 2(2r)1(da2ym—rx*

(=™t x4 a]

185.

+22ma2m+1 lOg x

188 dx _am)! | VxP—a? & rir —1)!
"oyt x2 g2 (m!)? a? s 2(2r)(4a2)m—rx2r

1 X
+722m |a|2’”+‘ sec ; .

189.

dx _ Axt-a?

/ (x —a)Wx?—a? Calx—a)
190. f dx _ Vx?— a2.

(x +a)v/x% —a? a(x +a)

5.4.12 FORMS CONTAINING va? — x2

1
191-/de:2(x az—x2+azsin_l|x|>.
a

/ X L X X
———— =3sin cos” —.
Var—x? |al lal
(a+\/a2—x2)
T .

192.

1
—=—1o
fxm a 8

Z_ 42 /a2 — 52
194./mdx= [a> — x2 — alog <a—|—ax>‘
x x

193.

a? —x2.

X
195. / ——dx
(12 — x2

1
196. /x a? —x%dx = ~3 (a? — x2)3.
1 3a® 3a*
197. /\/(a2 —x2)3dx = 1 (x (a? —x2)3 + % a? — x2+ 24 in! x) .

2 |al
198.

dx X
/ J@—xy e -2
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X 1
/md’:M'
200. /x\/(a2—x)3dx—— (a? — x2)°.

2
201./x2\/a2—x2dx:— (a2—x2)3+c;(x a2—x2+azsin_1|x|).
a
2
202. / x’va*—x dx—(—x _az) /(a2 — x2)3.

199.

15
2
203./x2 (az—x2)3dx=—6x @ =227 + T2V (@ =
a4.x a6
T a2 2 g
+ 16 a X+ 16 n ]

2
204. [ 2V = dr = @ - - Vi =2

2
a’ . | x
a?—x?>+ —sin" —.

205 / Yy ol
] ——dx=—=
Ja? — x2 2 2 |al

206.

./ x24/a? — x? a’x

Y — 2 _ 2
207. / VE T g = YT in! ﬁ
x a
Va? — x? Var—x? 1 a++a*—x?
208. o = — 2x2 + Zlog —
Y —] /(a 3
209./udx= V@ =2
x4 C 3a2x3
2
d
210. i
V@ —x2)3 a2 —x? lal
X’ dx 2 /(2 2)3 2 /2 2
211. ﬁ:—g (Cl —x) — X as — x-.
a?—x
3d 2 2
a2 | 2 o a? —x%+ a = a +va? — x2.
V(@* —x?)3 Var —x? Ja? - x?
213, de _ Ya-xr 1, atvaiox
x3/a? — x2 2a2x? 2a3 x
d 1 1 2 x2
214. * — _ 7logw.
x/(@® —x2)3  a?Jar-x* d x
dx 1 a? — x2 X
215. —_— = — | - .
a? —x23 at ( X + a? —x2)
d 1 3 3 2 x2
216. * S + LI T L

x3y/(a? — x2)3 2a2x2/a? — x2  2a%Va? —x? 243 X

x x" a2 —x2  (m—1a? x"2
/ ——dx = — dx
R /a2 — xz m m 2 — x2

(2m)! rlr =DV o 2
dx = /a 2 m—2r .2r
/ /a2 — x2 * (mV)Z [ - ZZZm 2r+1(2r)ya X
+a2m . X
sm - — .
22m |Cl|

217.

218.
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2m+1 m 2r)! | 2
219. L dx = —v/a? — x? Z M@az)mﬂxn.

Ja? — x? — 2m + D!(r!)?
220 / X _ a? — x? 4 (m—2) dx
. xm /az _ X2 - (m _ 1)612Xm_1 (m _ 1)a2 xm72 ,;az — x2 .
dx e (m — 1)!lm!(2r)122m=2r1
221. x2m /a2 _ )C2 Z r!)Z(Zm)!QZm 2rx2r+] :
vy dx _ 2m)! B az—xzzm: ri(r —1)!
x2mti/a? —x2  (m!)? a?> = 2(2r)!(4a?)n X

1 a—~a?>—x?
+22ma2m+l 1Og x :

dx
223. =
/ (b? — x> a? — x2

1 | (b a? — x2 + x/a? — b2)? 2
vt — ¢ b2 — x2 . & =0
or
1 -] x+/b? — a? P o o
N R W “
1 NZEEW
224. / dx - tan~! YO
B2+ x)Va? — x> bJa? + b2 bva? — x2

= b > ac

225. = sin —si
b* + x? D] la| v/x2 4 b2 |al

/\/ —x2 \/a2+b2 . 1 Xa?+b? - X 5

5.4.13 FORMS CONTAINING Va + bx + cx?
X=a+bx+cx?, q=4ac—0b> and k=4c/q.

Ifg=0,then VX = /c|x + 2

1 2/ cX +2cx +b
— log , ¢>0,
Ve Va
or
d
226. / a2 i sinh™! 2cx + b, c>0,
VX Ve Nz
or
1 sin | 2¢x + b 0
— Cc <
dx 2(20x + b)
227. / = .
XvX qv'X
d 22 b
228./ a (Cx+)< 2k>
XVX  3¢Jx \X
2Qcx + b)VX  2k(n—1) dx
dx (2n — 1)gX» 2n — 1 Xn-1J/X’
229. / = or
X"vX Qcx + b)Y (n)(n — D4k=1 =4 (2!
q2m)\VX = (4kX)r(r!)?
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2ex+b)WX 1 [ d
z30./ﬁdxzw+ *

4c 2% ) JX
Qex +b)vX 3 3 dx
231, | X/Xdr= """V (x4 Z ) | 52
f * 8¢ tu) T ) ux
Qex +b)VX 5 15 5 dx
232, | X2/ Xdx= """ (x2 40 4 )y | 22
/ * 12¢ < T 8k2) e | Ux

233. /x"ﬁdx -

2 bX"vX 2 1
2ex +b) \/7 n+ /X"’lﬁdx,

4(n + 1)c 2(n + Dk
or

(2n +2)! kQex + b)VX I rl(r + DI(4kX) dx
[(n 4+ D!? dk)r+! { Z Q2r +2)! fﬁ:|
xdx _ VX b dx
S AT "2l x

¢ r=0

234

235 / xdx  2(bx +2a)
Joxvx o gvx

xdx VX b dx
236. = - - — .

X"J/X 2n — DX 2¢ ) xXnJ/X

x*dx x 3b 30> —4dac [ dx
237. (X -2 x4

f JX (2c 4c2> + 8c? JX

238./x2dx _ (2b2_4ac)x—|—2ab+1 dix

XVX cqgN'X c) VX
239 / x?dx _ (2b* — dac)x +2ab  4ac + (2n — 3)b? / dx

“JoXrJX O @n— DegXr'WX (2n — 1)cq XnyX

x3dx x> Sbx 5b® 2a 3ab 503 dx

240. - (X - el IV N (e Rl
/ VX (36‘ 12¢2 + 8c3 3c2> VX (46‘2 1603> JX

" x"dx _ ix"*I ra @n—1Db [ x"'dx _ (n=1Da x"2 dx.

X nc 2nc VX ne VX

XX b2 b b
242./xﬁdx= VX bQextb) o b [ dx
3c 8c2 4ck X

X2/X b
243.fxxﬁdx= ‘F—/ VX dx.

5¢ 2c

X"J/X b
244. /xX”\/?dx - XX / "X dx.

2n+3)c 2c
5b\ XX 5b* — 4
245. fx%/idx _ () EVX ac/ﬁdx.
6c 4c 16¢2
| I (bx + 2a> 0
sin , a <0,
N —a lx| v/—¢q
or
d
246./ > = —2ﬁ, a=0,
VX bx
or
1 2vaX + bx 4+ 2a
- log s a > 0.
Ja x
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[ b/f}

248. /dx =VX+ = /
b dx a’x
249/_)(2dx:_x+2/xﬁ+c ﬁ
5.4.14 FORMS CONTAINING +/2ax — x?
250. f\/Zax —x%dx = % |:(x —a)v2ax — x>+ a®sin™! x|a—|aj| .
cos™! (a —x)
lal )’
or

X
251./ =
v 2ax — x? . 1<x—a>
sin .

lal

252./xnmwc:
_xnfl\/m (2n+l)af =1 f2ax — x2dx,

n—+2 n+2

or

n+1 n V(12 n—r+1 | ,n+2 _
m[x _y @n + D! xri|+(2n—|—l).a G <x a\

n+2 — 2" 2r + Dl(n +2)!n! 2'nl(n +2)! la|

\/2ax — x2 2ax — x2)3 n—3 V2ax — x2
253, - n
(3 —2n)ax" 2n — 3)a

xnl
xdx _
Vax —x2
X" lm+a(2n—l)/
n m

254.

or

—Mi: em)!r\(r — 1)!a”’"xr Ly (2n)!a" Gin-! <x —a>‘
r=1

2= (2r)(n!)? 21 (n!)? la|

V2ax — x2 n n—1 / dx
a(l=2m)x"  @2n—1a ) x»'2ax —x2

or

_mzz” = Dini@nt

@2n)!(rH2an—rxr+

255./ =
x"\/2ax — x?

/ dx xX—a
VQ@ax —x  a*V2ax —x*

257, xdx _ X

VQax —x2)3  av2ax — x2 .

256.

5.4.15 MISCELLANEOUS ALGEBRAIC FORMS

dx
258.[:10 x+a+ 2ax—|—x2).
V2ax 4+ x? g(
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ax?+c+

.| a
sin” | x,/—— a<0
2V=a ( c>’ :
259, fmdxz o
xm+—log<xﬁ+m>, a>0.

M|

2 2f
1 +x .
260. o dr=sinTx - V1—x2,
—x
L Vax"+c — \/c
0 b
e S Jaxr T c+ e
or
dx 2 Jax® ¢ — Jc
1. | 2 log . >0,
xJax" + ¢ nyc /xn
or
2 . ax"
se — , c<0
n/—c c

x
262./ _ o
ax? +c 1
Ta log (xﬁ+ ax? +c), a>0.
a

263. /(a)c2 +o)" 2 dx =

c)m—1/2 dx,

x(ax? + c)"*1/2 (2m + 1)c / (ax

2(m+1) 2(m +1)
or

" 2m + D)2
x\/ax2—+cz @2m+ D) '(axz_’_c)r

— 22m=2 i (m + 1)!(2r + 1)!

2m + 1)lcm+! /
22l m + 1) ) Jax2+c
(ax + c)m+3/2

2m 4+ 3)a

264. /x(ax +o)" 2 dx =

/ (ax2 _|_C)m+l/2

265. dx =

(ax* 4+ )"t/ / (ax? + ¢)m=1/2 p
AL AT B A
2m + 1
or

2N " (ax? 4 o) 1/ dx

m R T N I
; 2r + 1 xvax? +c

266. | ————— =
/ (ax2 + C)m+1/2
X " 2m — 2 /
Q2m — De(ax® +ce)ym=12 ° 2m = e ) (ax?+ cym=1/2’

or
xRl 22l — 1) Im!(2r)!
Vax? + ¢ = Cm)!(r)2emr (ax? 4 o)
. Vax? + ¢ (m —2)a dx
./xmm T (m—=Dexm' (m— 1) / 2 axl ¢

267.
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1+ x2 1 x«f 24 «/W
(1 —x2)4/1 —I—x4 ﬁ T1—x2

1 —x2 1 - X2
(1 +x2)~/1+7x4 S22 i

/
/
/ dx awm_
/
/

268.

269.

270. - 1

x/x" —I—at2 ~ na Vx
2
271.

272.

5.4.16 FORMS INVOLVING TRIGONOMETRIC FUNCTIONS

273.

sinaxdx = —— cosax.
a

274. | cosaxdx = — sm ax.

1 1
275. | tanaxdx = ——logcosax = — logsecax.
a a

276.

cotax dx = log sinax = —— logcscax
a a

1 1 T oax
277. | secax dx = — log (secax + tanax) = — logtan (Z + —)
a a

2

1 1 ax
278. [ cscaxdx = —log(cscax — cotax) = — logtan >
a a

X 1 X 1
279. | sinaxdx = = — — cosaxsinax = — — — sin2ax
2 2 4

2a a

3x sin 2ax sin 4ax
+

281. | sinfaxdx = = —
8 4a 32a
s on—1
-1
282. | sin"axdx = _ S avcosax + " /sin”2 axdx.
na n
m—1 2
2m)!(r! 2m)!

283. | sin”"axdx = _cosax 5 2( mlrY sin?*ax + ﬂx.

L 222 (2r 1) (m!)> 22 ()2

m=1 H2m—2r 2
_cosax 2 (mH~Q2r)! .
sin?" ! ax dx = sin® ax.

a = (Cm+DIr)H)?

284.

1
cos’axdx = —x + — sinax cosax = —x + — sin2ax

285.
8 2 2a 2 4a

1
286. | cos’axdx = i sin ax(cos® ax + 2).

a

3 sin 2ax sin 4ax

287. | cos*axdx = =x

da 32a
288.

/
/
/
/
/
/
/
280. fsm axdx = —%(cos ax)(sin® ax + 2).
/
/
/
/
/
/
/
/

1 . . n—1 —
cos"axdx = — cos"" axsinax + cos" “axdx.
na n
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. m—1 2

om _sinax m)!(r!) 241 2m)!

289. /cos axdx = P ; 255 (2 1 DIGm1)? cos” " ax + Wx.
: m 22m72r ! 2 2r)!

290. /cosz’"+1 axdx = S04 (m!)”@2r) cos” ax

a “— Q2m+D(r)?

d 1
291./ a :/coseczaxdx = —— cotax.

sin® ax a
d 1 -2 d
292./ - mx = /cosec'" axdx = — .coiizx + ” f X ,xz :
sin™ ax am—1)sin"""ax m—1/J sin" “ax
d 1 222 i — 1) Im!(2r)!
293./ - 2x =/cosecz”‘ axdx = —fcosaxz (e ~)2T1( r) .
sin”" ax a =  Cm)!(r")?sin”" ax
d
294. / % = /cosecz’"“ax dx =
sin ax
1 = @2m)!(r))? 1 2m)! ax
——cosax 7 1t -5 > logtan —-.
a = 22m=2r (2r + 1)!(m))?sin” P ax  a2?"(m!) 2

sec” ax dx =

1
295./ /sec axdx = tanax
0032 ax

296. / 1 sinax m—2 / dx
cos™ ax

a(m—1)cos"lax m—1
1 22 (e — 1) lm!(2r)!
297. / > /sec axdx = — sinaxz (m )imi(2r) .
cos“™ ax

a —  (2m)!(r!)?*cos> ! ax

cos"2ax’

d 1 el 2m)!(r!)?
298. / e /seczm+1 axdx = — sinaxz @m)!(r))
cos?mtl gx a £ 22m=2r(m!)?(2r + 1)! cos* 2 ax

1 (2m)! I . )
a22’”( 2 og (secax + tanax).
299. /(sin mx)(sinnx) dx = sin(m —m)x_sin (m + n)x’ m?* # n>.
2(m —n) 2(m + n)
sin(m —n)x  sin(m +n)x
300. /(cos mx)(cosnx) dx = , m?*#n®.
2(m — n) 2(m + n)

1
301. / (sinax)(cosax) dx = > sin® ax.
a

cos(m —n)x cos(m+n)x

2 2
2(m — n) 2m +n) m

302. /(sin mx)(cosnx)dx = —

!
303. / (sin ax) (cos? ax) dx = — - sin4ax + *
a

8
m+1
304. /(sin ax)(cos™ ax)dx = —M.
(m + Da
, sin™*! ax
305. | (sin" ax)(cosax)dx = ——.
(m+ 1a

306. /(cos’" ax)(sin" ax) dx =

cos™ ! ax sin"t! ax

m—1 2 n
(cos" “ax)(sin" ax) dx,
+n

(m + n)a
or
cos"Maxsin" 'ax n-—1 " S
— + (cos™ ax)(sin" “ax)dx.
(m+n)a m+n
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cos" ! ax m—n+2 / cos™ ax
_ _ X,
cos™ ax a(n — 1)sin" ' ax n—1 sin" 2 ax
307. / — X = or
S ax cos”" lax m—1 / cos”" 2 ax
. n x?
a(m —n)sin" 'ax  m—n sin” ax
sin” ™! ax m—n-+2 /‘ sin™ ax
_ X,
sin™ ax a(n — 1)cos" lax n—1 cos"2ax
308. / = or
cos" ax - m—1 s om=2
_ sin”” " ax m—1 / sin ax dx
aim —n)cos"lax m—n cos”™ ax '
309, / sin2ax _ 1 _ secax
cos? ax acos ax a
sin® ax 1 1 T ax
310.f =—— sinax—l—flogtan(——l——).
cos ax a a 4 2
311‘/ c.oszax _ _cscax _ '1
sin” ax a asinax
1
312. / ————— = — logtanax.
(sin ax) (cos ax)
dx 1 ax
33. | ————— = — <secax + log tan —) .
(sinax)(cos?ax) a 2
d 1 d
3. [ - Ty - * .
(sinax)(cos™ ax) a(m — 1)cos" lax (sinax)(cos" 2 ax)
d 1 1 b4
315. 2—x = ——cscax + — logtan (— + %>.
(sin” ax)(cos ax) a a 4 2
d
36 [ = — = cot 2ax.
(sin” ax)(cos? ax) a
d
317. / R
s ax cos” ax
1 m+n—2 /‘ dx
a(m — 1) sin™ " ax cos"! ax m—1 sin” 2 ax cos" ax
or
1 m+n—2 / dx
a(n — 1) sin" ! ax cos" ! ax n—1 sin” ax cos"2ax’
1
318. / sin (a + bx) dx = ~% cos (a + bx).
1
319. /cos (a+bx)dx = b sin (a + bx).
dx 1 T oax
320. | — = t (— —)
/1:i:s1nax P VR )
1 ax
321. — tan —.
1+ cosax + cos ax a 2
1
322. / — = cot 2.
1 —cosax a 2
2 . (a tan 7 + b)
a2 — b2 /a2 —p2 )’
323. / = or
a+bsmx 1 | atan® +b — /b? —a?
0 .
b —a? g atan 3 + b+ /b? —a?
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dx
a+bcosx

324. /

dx

13

ﬁ

325. f

1

a-+bsinx + ccosx

«/a2 —b2tan§
a+b

Vb* —a*tan; +a+b
\/bz—aztani —a-—>b

El

_ ' )

log (

— b+ 2 —a’+(a—c)tan 3

2

or
2

or

a2 — b2 — 2

lo
/b2+c2_a2 g

tan

b+vb2+c2—a’+ (@—c)tan’

L bt(@—c)tan3

a#c,a’><b>+c2,

2

2 2 2
= = a® > b” + c*,
—b*—c

1 — inx — (b —c)si
1la—( +c)s%nx ( c)s?nx ’ a2 = b? + 2.
ala—(b+c)sinx+ (b —c)sinx
b
326/ sin’ x I © tanx) -2, ab>0, |a| > |bl.
a+b0052 b a a+b b
1 bt
327/ —  tan 1( anx).
a? coszx—}—b2 sinx ab a
328f cos? cx Va2+b2 _, vVa*>+Db*tancx  x
an - —.
a? + b?sin® cx ab*c a b?
1
329/ sin cx cos ex = log(acoszcx—{—bsinzcx).
acos? cx + bsin’ cx 2¢(b —a)
330/‘ coscx _
acoscx + bsincx
/ dx L laex +blog( +bsinex)]
= acx og (a cos cx sin cx
a-+btancx  c(a*+ b?) &
331/ sin cx _
acoscx + bsincx
f dx L bex —atog( +bsincx)]
= cx — alog (acoscx sin cx
b+acotex  c(a? + b?) B
d
332/ * -
acos? x + 2b cos x sin x + ¢ sin’ x
1 ctanx +b — /b? —ac 5
og , b*>ac,
24/b% — ac ctanx + b + +/b? —ac
or
1 _,ctanx +b b2
an s < dac,
Jac — b? Jac — b?
or
1
_ , b* = ac.
ctanx +b ac
sin ax 1 ax
333 [ O gt ( 7)
/I:I:sinax rEEr wn{y ¥
dx 1t <7r ax>+11 ¢
=—tan(— F — — logtan —
(sinax)(I £sinax) a "\a T 27,
d 1 1
335./,——tan(ﬂ—ax)—tan3 (Z—ﬂ)
(1 + sinax)? 2a 4 2 6a 4 2
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dx 1 T ax 1 S (T ax
s [ (T e (T,
(1 —sinax)? 2a 4 6a 4 2
337. / Sin#dx = —itan (z — ﬂ) + itam3 (z — @)
(1 + sinax)? 2a 4 6a 4 2
sin ax 1 T ax 1 T ax
338. = t(———) — cot? (7_7)_
/(1—smax)2 =My T ) Te oty T

%gfsm%MZX_a/<ﬂ__
a-+bsinx b bJ) a+bsinx

dx 1 x b dx
340. —logtan - — — [ ———.
(51nx)(a—|—b51nx) a 2 aJ a+bsinx
bcosx n a / dx
(@ — b (a+bsinx) a?>—-b2) a+bsinx’
341.‘/‘_2 = or
(a + bsinx) acos x N b / dx
b2 —a®)(a+bsinx) b2—a? ] a+bsinx’
dx 1 _, vVa?* + b*tancx
342. —— = tan .
a’?+b%sin“cx  acva?®+ b? a
1 _, Va*> —b*tancx N
- tan ———————— a® > b*,
dx acva* —b? a
343/222 = or
a* —bsin”cx 1 i Vb? —a%tancx +a 2y
og a® < b*.
2ac/b? — a? \/b2 —a’tancx —a
1
344./Cosaxdx=x—tanax.
1 4+ cosax a 2
1
345./005‘”dx — x—cot .
1 — cosax a 2
dx 1 T oax 1 ax
346. =710gtan(—+—>—7tan—.
(cosax)(1 4 cosax) a 4 2 a 2
d 1 1
347. a :flogtan<ﬁ+@>—f —_
(cosax)(l —cosax) a 4 2 a 2
d 1 1
348./x = —tanﬂ +—tan3ﬂ.
(1+cosax)? 2a 2 6a 2
d 1 1
349. / e ——cot@ — — cot® @.
(1 — cosax)? 2a 2  6ba 2
1 1
350. COsidxz—tamﬂ——tan3ﬂ.
(1 + cosax)? 2a 2 6a 2
351. __cosaxr x:icot%—icoﬁﬂ.
(1 — cosax)? 2a 2 6a 2
%z/C%xMZX_a/t“.
a+ bcosx b bJ a+bcosx
353, dx 11 ¢ (x+7r> b/ dx
og tan - - —.
(cosx)(a+bcosx) a & 2 4 al a+bcosx
354 _ bsinx a /‘ dx
' (a—i—bcosx)2 T (2 —a¥)(a+bcosx) b>—a?>) a+bcosx’

355 CcosS X asinx b / dx
. X = — X
(a + bcosx)? (a*—-b*(a+bcosx) a*—0b%) a+bcosx
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356/ 2 (P
= an —— tan — ).
24 b2 2ab coscx c(a?—b?) a—>b 2
1 _, atancx
357. = tan .
a’>+ b2 cos2 cx  gear+b? /a? + b2
1 tan-" atancx b2
_ _, a® >
acva? — b? va*r — b?
358. / 5 b2 o= or
a cosTcx 1 log & tan cx — +/b% — a? b2 5
o , > a“.
2ac/b* — a? g atancx + +/b? — a?
sin ax 1
359. / —log (1 & cos ax).
1 £ cos ax a
1
360. / _COSAX e — 4+ log (1 4 sinax).
1 &+ sinax a
d 1 1
361. [ — * —+ . logtan .
(sinax)(1 & cosax) 2a(1 £ cos ax) 2
d 1 1
362. A . logtan (“x n 5).
(cosax)(1 £ sinax) 2a(1 =+ sin ax) 2 4
363. Smax dx = — log (secax £1).
(cosax)(1 £ cosax) a
1
364. - cosax - dx = ——log (cscax + 1).
(sinax)(1 % sin ax) a

sin ax 1 1 ax
365.  dx= 4+ logtan (7 + f).
(cosax)(1 £+ sinax) 2a(l £ sinax) 2a 2 4

cosax 1 1 ax
366. - dx =——————+ —logtan —.
(sinax)(1 & cosax) 2a(l = cosax) 2a 2
d 1
367. / o — " _logtan (@ + 5).
sinax £ cosax  ga/2 2 8
d 1
368. | — al — — tan <ax - z).
(sinax +cosax)? 2a 4
d 1
369. f ol = +—log (lﬂ:tan%).
1 + cosax + sinax a 2
370"/‘ dx i _ 1 Ogbtancx%—a'
a?cos?cx —b%sin“cx  2abc btancx — a
1
371. | xsinaxdx = — sinax — * cosax.
a? a
2 4242
372. /x2 sinax dx = —)zc sinax + 73)6 cosax.
a a’
3 2,2 6 6 42,3
373. /x3 sinax dx = # sinax + xizax cosax.
a a:
374. /x’” sinax dx =
1 m m / m—1
——x"cosax +— | x cosaxdx,
a a
or
L%J | m—=2r Lm IJ | m—2r—1
il m! X m! X
cosax Z(—l) m T + sinax Z (=" m—2r — D)1 arr

r=0
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378. | x"cosaxdx =

1 X
375. | xcosaxdx = — 5 cosax + — sinax.
a? a
2x a*x? -2
376. | x*cosaxdx = == cosax + ——— = sinax.
a? a’
3a’x%2 — 6 a’x® —6x
377. | x’cosaxdx = ——— cosax + ————— sinax.
a a

. m 1 .
Z _sinax — — | x" 'sinaxdx,
a a

m Lm IJ
|_7J | e 2r m—2r—1

. . m! m! X
sinax ;(—1) 7( I + cosax Z (- m 2~
(o) 2n+1
379, / L N . L .
— 2n+1DH2n+ 1)!
380, /cosax dr— (_ v (ax)z” .
~ (2n)(2n)!
381. / d S o L cos2
xsinfaxdx = = — = sin2ax — — cos2ax.
4 da 8a?
x3 x2 1 . X
382. | x?sinfaxdx = — — — —— ] sin2ax — — cos 2ax.
6 \d4a 8a3 4a?
X 1 3x
383. | xsin’axdx = — cos3ax — sin3ax — — cosax + — sinax.
12a 3642 4a 4q2
x? X 1
384. | xcos’axdx = = 4+ — sin2ax + — cos2ax.
4 4da 8a?
385/ de= (] 2ax + —— cos2
cos® = — — — —— ] sin —— COS
X axdx = G 10 8L ax i ax.
386/05 d xs3 +lcs3 +3xs' +3cs
xcos’ ax dx = — sin3ax 0s 3ax + — sinax + — cosax.
12a 3642 4a 4a?
387 / sin ax sin ax a / cosax N
1-—m)xm1  m-—1 xm=1
188, /cosax cos ax n a /sinax dx.
(1 = m)xm-! 1— xm-l
X cosax
389. =5 —1 1+
/ 1+ smax :Fa(l + smax) + og ( Sin ax).
ax
390. ft — —l —
/1+cosax a n 2 + 08 €08 2
X
/l—cosax aCO 2 —i_a2 08 Sl
X +sinx
392. / dx = xtan —
1+ cosx
393. / Xosinx e eot ™
1— cosx 2
2sinax 232 ax
394. 1 —cosaxdx = — = — CcOos —
f a~/1 — cosax a 2
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395.

2(sing —cosT). (Bk—DF <x = Bk+3)1.
396. */vl—i-sinxdx: or
—2(sin3 —cosT).  (8k+3)F <x = (8= D3.
X X
2(s1nE +cos§>, (8k—3)T <x < Bk+1)T
397. *fvl—sinxdx: or
—2(sin% +cos%), Bk+1)T <x < 8k —3)T.
ogtani, dkmr < x < (4k 4+ 2)m,
V21 4
x
398. */ —_— = or
I = cosx —flogta % 4k +2)m < x < 4dkm.
V2 log tan (’“g”) 4k — 1) < x < (4k + D7,
d
1+ cosx X+
—flogtan( J ) 4k + D)7 < x < (4k — D).
; «[logtan(z %) Gk+ 1T <x < 8k+9T,
400 */ % = or
| v2togan (5 -F) G453 <x = B+ D3
V2 log tan (% n %) Bk — 1T <x < (8k+3)Z,
X
401. */ —_ = or
s
Vi ~V2logtan (3 + %), Bk+3)3 <x =@k —DI.
1
402./tan2axdx —tanax — x.
3 1 2 1
403. | tan’axdx = 2—tan ax + — logcosax.
a a
1 1
404. | tan* ax dx = — tan® ax — — tanax + x.
3a a
1
405. /tan" axdx = ﬁtan"*lax —/tan"2 axdx.
a(n —
1
406. /cot axdx = ——cotax — x.
1 1
407. /cot axdx = —— cot’ ax — — logsinax.
a a
1 1
408. /cot axdx = 34 cot’ ax—{—;cotax + x.
n 1 n—1 n—2
409. | cot"axdx = —ﬁ cot" ax — [ cot" “axdx.
a\n —
t 1
410./ - f dx :/xcsczaxdx _ _reoax + — logsinax
sin” ax a

/

2sin 2+/2
A1+ cosaxdx = ax = [s'
a~/1 + cosax a

in—
2

For the following six integrals, each k represents an integer.
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X cosax
xcschaxdx =

411. /
sin” ax

a(n — D)sin" 'ax

n—2 X
- s n—2 + / s n—2 dx
a’(n — D(n —2)sin" “ax n-—1 sin" " “ax

X sinax

xsec"axdx =

1
412. f / sec?axdx = > tanax + — logcosax
cos? ax a?

a
413. /
cos” ax a(n — 1) cos" ' ax
1

n—2 / X
— + dx
atn—1)(n—-2)cos"2ax n—1J cos"2ax

sin ax 1 bcosax
414, | —————dx = ——sin”' ————.
V14 b%sin’ ax ab V14 b2
i 1
415, | 4N g — log (b cosax + /1 — b2 sin’ ax).

V1 — b2sin? ax ab
1402 b
416. f (sinax)v/1 + b2 sin® ax dx = _COZS X+ b sintax — LT gpm1 eosax
a

2ab J1+b2
417. f (sinax)v'1 — b sin ax dx = —COZS 4 1= b2 sin® ax
a
1 —p?
2ab

1
418, | 2 g — " og (b sinax +v/1 + b2 sin? ax).
V1 + b?sin® ax ab

1
419, [ 8N 4= = gin! (bsinax).
1 — b2sinax ab

420. /(cos ax)V'1+ b2 sin’ ax dx = s1121 ax V14 b2sin®ax
a
+— log (b sinax +v'1 4+ b?sin ax)

2ab
sin 1
421. /(cos ax)V'1 — b2 sin*ax dx = 1 = b2 sin ax + — sin”! (bsinax).
2a 2ab

For the following integral, k represents an integer and a > |b|

log (b cosax + /1 — b2 sin’ ax).

422. *fx -
Jva + btan? cx

1 o
—————sin
ca—>b <

or

a—>b

sincx), k—17 <x<2k+ 17,

%

-1 —-b
——— sinfl < a smcx), Rk+1D7 <x<2k-D173.
a

:

2 — 2k
423, /cos" xdx = n) sinlr = 26)x] + — " X, nisan even integer.
2n-1 k: k (n — 2k) 2"\ 5
z — 2k
424. / cos" xdx = i ;Z(; (IIZ) sin [’(1"_ 5 k))x]’ n is an odd integer.
21
. 2 n sm (n —2k)(5 x)]) 1 /n . .
425. | sin" xdx = + — X, nisaneven integer.
2n 1 = k (Zk _ n) 2n %
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n—1

[ sin —2k)(Z —

426. /Sin” xdx = m)sin ([ )G x)]), n is an odd integer.
ot L \k 2k —n)

5.4.17 FORMS INVOLVING INVERSE TRIGONOMETRIC

FUNCTIONS
1= a2x2
427. /sin1 axdx = xsin"'ax + E.
a
i i 1 — a?x?
428. [ cos” axdx = xcos  ax —
a

tan! ax dx = x tan”!

1
429. ax — — log (1 + a*x?).
2a

1
430. fcot_ axdx = xcot 'ax + > log (1 4 a*x?).
a
1
431. /sec1 axdx = xsec ' ax — — log (ax +vVa*x? — 1).
a
-1 -1 1
432. [ csc” axdx = xcsc ax + — log (ax +va*x? — 1).
a
433, f (sin—1 f) dx = xsin"' = +ya? —x2, a>0.
a a
434. / <cos71 f) dx =xcos™' X — a2 —x2, a>0.
a a
435. / (tan*1 {) dx = xtan' 2 2 log (a* + x?).
a a 2

436. f (cot—1 f) dx =xcot™ * + 2 log (a® + x?).
a a 2

I
437. /x sin™! (ax)dx = 2 (@a%x* = Dsin™ (@x) + axy/1 —ax?).
a

438. /x cos™! (ax)dx = ((2512)c2 —1Dcos™! (ax) —axy/1 — a2x2) .

442
n+1 .
sin”~ dx = sin” " (ax) —
x" si (ax) X " (ax)

xn+l

V1 —a?x?
dx, n+# —1.

439.

dx, n# —1.

n+1

440. | x"cos 'axdx =

. a X
1cos (ax)+n+1 / V1 —a?x?

. ( yd 1+ a%x? can-!
xtan~ (ax)dx = ———— tan .
2a? 2a

4 _ xn—H 4 B a xn+l
442. | x"tan™ (ax)dx = tan~ (ax) dx.
n—+ n—+1
/ X

441.

443. | xcot ! (ax)dx =

1 -1 a
444. | x"cot™' (ax)dx = . 1cot (ax) + n—l—l/ 5 dx.

us, [ 50 (ax) (1—m) sin™! (ax)
. .

x =alog
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-1
cos™ (ax) J

446.

x2

/
/
/

/(sinfl (ax))*dx =

—1
a7, [ @0,

x2

-1
aag. [ @0,

x2
449.
450.
451. / (sin™! (ax))" dx =

x(sin”! (ax))" +

or

Z( 1)’ x(sm Vax)"= + Z( 1)’ I —a’x (sin”!ax)"¥ !
(n—=2r —1)!a '
452. / (cos™! (ax))"dx =
T— a2x2
x(cos™! (ax))" — YT os (ax))" " — n(n — 1) / (cos™ (ax))"2 dx,
a
or
]
1 n—2r r nlv1l— a2x2 —1 n—2r—1
Z( D gyt (eosT e (—1) " (cos™" ax) :
g (n—2r—1)la
453 sin~' ax dx 1 ( )2
Y sin'ax)”.
V1—a2x? " 2
[ n—1 n
x"sin” ax X X
454. ——dx = — V1 —a2x2sin™!
V1 —a?x? g na? “r “t
+n -1 / x"2sin" ax
na? V1 —a’x?
cos ax | )
455. —— " dx =—— (cos”! .
a7 T T a)
x"cos™ ax x"1 x"
oo T — _ 4242 -1 _
456. Nierrs dx = - v 1 —a?*x%2cos™ ax s
n—1 [ x"%cos!ax
+ 3 dx
na V1 —a%x?
tan~! ax 2
457. /m dx = Z (tan ax) .
cot™'a 1
458. / —— (cot™! ax)z.
1+a x2 2a
x? 1
459. /xsec Vaxdx = = sec'ax — —+/a?x2 — 1.
2 2a?
xn+l 1 X
460. Taxdx = -1 — / d
fx sec axdx = n+1sec ax — mx

©1996 CRC Press LLC

/ (cos™! (ax))*dx = x(cos™! (ax))? — 2x —

1 i 1+ 1 —a?x?
——cos™ (ax)+alog ———.
X X
1 2.2
(ax)—glogﬂ.
ot™! (ax)—glo x72
2 BT

24/1 — a?x?
x(sin™! (ax))? — 2x + voTer sin”! (ax).
a
2Vl —a%x? |
———cos  (ax).
a

@(sin_l (@ax))" ' —nn — 1)/ (sin”! (ax))" % dx,
a

)




sec ! ax sec”!ax a’x? —1
d + .

461. x = —
x2 x X
2
1
462. /xcsc_1 axdx = % cscax + ﬁ\/az)ﬂ —1.
a
xn+l 1 xn
463. "eselaxdx = -1 / dx.
/x cSC axdx n—i—lCSC ax+n+1 mx
164, / csc‘;ax dr— _csc‘l ax a’x? — 1.
X x X

5.4.18 LOGARITHMIC FORMS

465. /logxdx = xlogx —x.

x? x?
466. | dx = —1 - —.
/x ogxdx = —logx —

3 3
467. /x2 logxdx = % logx — %

xn+1 xn+1
468. "1 dx = 1 -
/x ogxdx n+l ogx (n+1)2

469. /(log x)2dx = x(logx)2 —2xlogx + 2x.

x(logx)" — n/ (logx)"'dx, n# -1,

470. / (log x)" dx = oo
(—1)"n!x2(_lﬂ, n#—1.

!
g r!

log x)" 1
471./(°gx) dx = (log x)"™+!.
X n+1

(logx)*  (logx)?

d
472. */ é = log (log x) + logx +

2.2! 3.3!
d
473. f o log (log x).
x logx
474. / dx _ _ ! .
x(log x)" (1 —n)(log x)*!
m m+1 1 m
475, x"dx _ X +m+ x™dx ‘
(logx)" (1 —n)(ogx)"!  n-—1 (log x)"—1
m—+1 1 n
X (Og-x) _ n /xm(logx)il—] dx,
m—+1 m+1
476. /x’”(logx)” dx = or

(_1)nn7!xm+l ZM
m—+1 —rim+ 1)

p+1

4717. r bl dx = —— |bsin (b1 1 bl .

/x cos (blog x) dx (p+1)2+b2[ sin (blogx) + (p + 1) cos (blogx)]
p+1

478. P gin (b1 dx = ——— 1)sin (b1 —b bl .

fx sin (blog x) dx TESIEYE [(p—l— ) sin (b log x) cos ( ogx)]
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b
479. flog (ax+b)dx =

1 b
/og(ax—i— )dx a

log (ax + b)) — x.

1 ax +b
= —logx —
x2 b g bx

1 b m+1
) /x”’ log (ax +b)dx = —— [ x"*! — <—> log (ax + b)
m+1 a

1 bmHmil( ax)’
m+1 a r b/’

r=I1

482 / log (ax + b) dr — — 1 log(ax + b) 1 ( a)m—l log ax +b
xm m—1 xm=l m—1 b

1 a\m1 %=1 b\
—— -1—-—1, 2.
+m —1 ( b) rZ: r < ax> "=

=1

480. log (ax + b).

48

—

X

483. /logmdx=(x—l—a)log(x+a)—(x—a)log(x—a).
X —da

+ m+1 _ ¢ ym+l1 m+1 __  m+1
484./xmlogi_de=xmil")1og(x+a)—xm+‘;10g(x—a)
Lm+1J
2am+l 2 1 x\m—=2r+2
ot Lowrale)
m+1 py m—2r+2 \a
1 1 — 1 2 _g?
485. —logx+adx=flogx a—flogx a
x2 x—a x x+a a x2

For the following two integrals, X = a + bx + cx?.

486. >‘</‘longx =

b V4ac — b? 2 b
(x + ) log X — 2x + ac tan~! + , b*> —4dac <0,
2c c V4ac — b?
or
( +b>1 X—2e 4 YT i 2EHE e aeso
x+—)logX —2x + ————tanh™' ————, —4ac > 0.
2c) %8 c Vb2 — dac

n+1 2 n+2 b n+1
487. */x"longx: * log X — ¢ /x dx — /x dx.
n+1 n+1 X n+1 X

488. /log (x> +a*)dx = xlog (x* + a*) — 2x + 2atan™' {.
a

489. /1og(x2—a2)dx=xlog(x2—a2)—2x +alog X TE
P

% (x* 4+ a?) log (x* +a*) — 1xz.

490. / xlog (x* +a*)dx = 5

491./10g<x+ x2:|:a2)dx:xlog<x+\/x2:|:a2)—\/x2:|:a2.

2 2 2442
2. [xtog (v vtz ) ax = (& G Jow (v Vit £ ) - TS

m+1

493.fxmlog<x+ x2ia2)dx= al

m+110g<x—|— x2:|:a2)

1 xm+l
— f dx
m 41 Vx2 £ a?
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2 2
494./ . dx = — — “log X ta
X X
log (x + V/x% — az) log (x +V/x%2—a? 1
495./ dx = — + —sec ! =
x? x |al
1
496. / x"log (x* — a*) dx = ol [x" " log (x* —a®) —a""' log (x — a)
n
X |_ J 2r n —2r+1
(—a)" _ £+
(—a)"" log (x +a) ,:On—2r+1

5.4.19 EXPONENTIAL FORMS

497. /
498. /e_xdx—— -
499. / ey = &
a
e
500. fx = —z(ax —1).
meax m/ el ax
— — | x" e dx,
a a
501. /x’"e‘” dx =

o™ Z(_ ) mlx™"
(m — r)'a“’l

e ax a2x2 a3x3
502 [ & dx =1 ax
/x dr=logxt -+ ity ™t

ax ax

e e a e
503. — d
xm l—mx’”l_*—m—lfx'"l o
axl 1 ax
504. | e logxdx = ogr _ [ dx.
a a X
s05. [ 9~ log (1 + ) = log —*-
=x—1o e) =1lo
1+ex g Elte

1
=— — —log(a + be™).
ap

507.

1 | a
= tan™ "=, 0, b>0.
aem™r + be—mx mf an <€ b) a= -

1 ﬁe’” — Vb
2mﬁ ® Vaen £ b’

508.
aemx — pe=mx

a’ +a*

509.
loga

a—ax =

510.

[
/
/
S06. / a —i—bel’x
/
| e
J
[

1
= —log (b Y.
b—}—ce‘” ac g(b+ce™)
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511

512

513

514.

515.

516

517

518

519.

520

521

522

523

524

525.

526

ax ax

xe e

. dx = .
A+a02 "~ @20 +ax)

/

/e

[

e
e

xe X dx = ——e"
“¥sin (bx) dx =

4¥sin (bx) sin (cx) dx =

4% sin (bx) cos (cx) dx =

x2

2
e [asin (bx) — bcos (bx)]
a? + b? '
e [(b—c)sin(b—c)x +acos(b—c)x]
2 [a2 + b - c)2]
e“[(b+c)sin(b+c)x +acos(b+ c)x]
2[a® + (b +0)?] )
e lasin(b—c)x — (b —c)cos(b—c)x]
2[a? + (b —0)?]
e lasin(b+c)x — (b+c)cos(b+ c)x]
2 [a2 + b+ c)2] ’
e“*cosc  e™ [acos2bx + ¢+ 2bsin2bx + c]

4% sin (bx) sin (bx + ¢)dx = -

2a 2 [a? + 4b?]
. e®sinc  e™ [asin2bx 4+ ¢ — 2bcos2bx + c]
4 sin (bx) cos (bx +c¢)dx = —
2a 2 [a? + 4b?]

ax

. / e cos (bx)dx = a2€7+bz [a cos (bx) + bsin (bx)] .

./e“* cos (bx)cos (bx +c)dx =
./e

e

¥ cos (bx) cos (cx)dx =

[

¥ sin” (bx) dx =

¥ cos" (bx)dx =

e [(b—c)sin(b—c)x +acos(b—c)x]
2 [a2 + (b — c)2]
+e‘”‘ [(b+c)sin(b+ c)x +acos (b+ c)x]
2[a? + (b +0)?] '
e”cosc e™[acos2bx + ¢+ 2bsin2bx + ]

2a 2 [a? + 4p?]
“*si “* [asin2b —2bcos2b
4 cos (bx) sin (bx 4 ¢) dx = e”sinc  e*[asin2bx +c cos 2bx + c]
2a 2 [a® + 4b?)

5 iz L@sin (bx) = nb cos (bx))e sin" " (bx)
a n

+n(n — 1)b? / e™ sin" % (bx) dx | .

o 08 00 s B s 00
a n

+n(n — 1)b* f e™ cos" % (bx)dx |.

m __x

. 1 . m !
e*sinxdx = Ex’”e"(smx —Cosx) — ) x" e

sinx dx

+% /x’”le" cosxdx.

asin (bx) — b cos (bx)

"e* sinbx dx = x™e™*
a?+ b?
_aZLW / x" 1™ (a sin (bx) — bcos (bx)) dx.
1 ) m 1 ox -
x"e* cosxdx = Ex’”ex(smx + cosx) — ) x" " e* sinx dx
m

) /x’”_le" cosxdx.
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acos (bx) + b sin (bx)
a? + b?
m

a? + b?

527. /x”’e”" cosbxdx = x"e"
/ x"1e® (a cos (bx) + bsin (bx)) dx.

528. / e cos™ xsin" x dx =

™ (cos" ! x)(sin”" x) [a cos x + (m + n) sin x]
(m +n)? + a?
na ax m—1 s oon—1
—m e (COS x)(Sln x) dx
—1 + :
W €™ (cos" 2 x)(sin" x) dx,
or
e* (cos™ x)(sin" ! x) [a sin x — (m + n) cos x]
(m +n)? + a?
ma ax m—1 = n—1
—i—m e (cos™ " x)(sin"" " x) dx
-1
W e™ (cos” x)(sin" 2 x) dx,
or
e (cos” ! x)(sin""" x) [a sin x cos x + m sin® x — n cos® x]
(m + n)? + a2
m(m — 1) ax m—2 s N
m e (COS x)(sm X) dx
-1
M f e (cos™ x)(sin" % x) dx,
or
e (cos™ ! x)(sin" ! x) [asinxcosx +m sin® x — n cos? x]
(m+n)* +a?
m(m - 1) ax m—2 s on—2
m e (COS X)(Sln X) dx
- +m—1 e
(n (mm_‘)_(:)z _:_”az ) €™ (cos™ x)(sin" 2 x) dx.

529. / xe® sin (bx) dx = MLW [a sin (bx) — bcos (bx)]

ax

€ 2 2\ o
———— |(a” — b")sinbx — 2abcos (bx)|.
330 / “ cos (bx) dx = — [acos (bx) + bsin (bx)]
. [ xe* cos (bx)dx = ——— [acos (bx sin (bx
a? + b?
_eiz [(a2 - bz) cos bx + 2ab sin (bx)] .
(@ +)
s f 'ea: e _e” [asinx + (n _.2)510”] n a’> + (n —2)? . e"_)‘2 dx.
sin” x (n—1(m—2)sin""" x (n—1Dn-2)) sin""x
ax ax _ _ : 2 —_9\2 ax
532"/‘ e dx:—e [acosx — (n — 2)sinx] a4+ (mn—2) e
cos" x (n—1)(n—2)cos" 1 x m—1)mn—-2)) cos"2x
t n—1
533. /ea" tan" x dx = ™ amw x4 /e“" tan" ! x dx —/e“x tan" "2 x dx.
n—1 n—1
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5.4.20 HYPERBOLIC FORMS

534. /sinhxdx = cosh x.

547. [ sinh™ x cosh” x dx =

53s. /coshx dx = sinhx.
536. ftanhx dx = logcosh x.
537. fcothx dx = logsinh x.
538. /sechx dx = tan~"' (sinh x).
539. /cschx dx = logtanh (2)
540. /x sinh x dx = x coshx — sinh x.
541. /x sinh x dx = x" coshx — n/x”‘l(coshx) dx.
542. /x coshx dx = x sinhx — cosh x.
543. /x coshx dx = x" sinh x —n/x”l(sinhx) dx.
544. /sechx tanh x dx = —sechx.
545. /cschx cothx dx = —cschx.
546. / sinh? x dx = SI2X X
4 2
/

. _ n . _
sinh™ "' x cosh” ™' x + / sinh” xcosh” >xdx, m+n #0,
n

m+n m
or
. m—1 n+1 m — 1 . m—2 n
sinh™ ™" x cosh"™" x sinh” “xcosh"xdx, m+n#0.
m+n m-+n
d
548. / *
(sinh™ x)(cosh” x)
1 m+n—2 dx
- TN ) ; ;o om#EL
(m — 1)(sinh™™" x)(cosh" ™" x) m—1 (sinh™ ™ x)(cosh” x)
or
1 -2 d
o Sk : L dx,  n#£l
(n — 1)(sinh™ ™" x)(cosh"™" x) n—1 (sinh™ x)(cosh" ™~ x)
549. /tanh2 xdx = x —tanh x.
t hn—l
550. /tanh”xdx = —le +/(tanh"—2x)dx, n#l.
n p—

551. /sechzxdx = tanh x.
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sinh2x «x
_I_

552. [ cosh’xdx =

4 2

coth"™!
coth” x dx = —71)( +/coth”2xdx, n#1.
n—

554.

553. /cothzxdx = x — cothx.

555. / csch? x dx = — coth x.

inh inh (m —
556. / (sinh mx)(sinh nx) dx = Sm0m . sinh om = o e
2(m + n) 2(m — n)
inh inh (m —
557. /(coshmx)(coshnx)dx _ (m+mx , sinh(m n)x’ m?* # n?.
2(m + n) 2(m — n)
h h —
558. f(sinh mx)(coshnx)dx = cosh (m + m)x , cosh (m n)x, m?* # n?.
2(m + n) 2(m — n)

559. / (sinh*1 f) dx = x sinh™! T vx2+a? a>0.
a a

2

2
560. /x (sin}r1 f) dx = (x2 + ‘;) sinh~! % — %mz +a2, a>0.
a a
xn+1 1 anrl
561./x”sinh_lxdx:n+1sinh_lx—n+1 mdx, n#-—1.
zcosh™! f_ 22 — a2, cosh™! £>0,
z x a
562. *f cosh™!' Z dx = or
a -1 % ~1
zcosh™ = 4++/z2 —a?, cosh £<0,a>0.
a

2 2
563. | x cosh L= dx = (x - a) cosh™! Tz x2 —a2.
a

2 4 4

xn+1

cosh™' x —

1
564.
n+1 n+1/4/x2—1

x" cosh™ xdx = dx, n# —1.

565. tanh_l 7) dx = xtanh_l i + E
a a

> log(a2 —x?), ’1| < 1.

/N N

566. | (coth™' 2) dx = x coth™! g + % log (x> —a?), |X]> 1.

2

567.

2
a tanh™" 2 —i—%, ’l‘ < 1.

X (tanh_l {) dx = ol
a 2

n+1 n+1/) 1—x?
2 2
x(coth”{) dx = Y a COth71{+ﬂ |£| > 1.
a 2 a

569. ,
2

a

n+l1 1 n+1
x"coth ' xdx = x 1coth_1x+ /xdx, n#—1.

n+ n+1J) x2-1

-1

571. | sech™' xdx = xsech™ ! x 4+ sin™! x.

572.

2 1
xsech ™' xdx = %sech x — =+ 1—x2.

2

n+1 n

X

1
573. h~!
n+1sec x+n+1/ =

x"sech™' xdx =

[+
/
/
/
/ 12 |
568. /x tanh~ xdx = - tanh~ x — — /W dx, n+#—1.
/
/
/
/
/

dx, n# —1.
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574. /csch’1 xdx =xcsch™'x + ﬁ sinh~! x.
X

2
1
575. /xcsch_] xdx = % csch™'x + ,i\/ 1+ x2.

2 |x|

xn+l 1 X xn
576. /x” csch™!xdx = csch™'x 4+ 7/ dx, n+#—1.
n+1 n+1x|J) J/1+x2 7

5.4.21 BESSEL FUNCTIONS

Z,(x) represents any of the Bessel functions {J,(x), Y,(x), K,(x), I,(x)}.

577. /x”'HZp(x)dx =x"Z,0(x).

578. /x”“Z,,(x) dx = —x"Z, 1 (x).

x2

579. fx [Z,,,(ax)]2 dx = ) [[Zp(ax)]2 — Zp_](ax)Zp+1(ax)] .
580. /Zl(x) dx = —Zy(x).

581. /xZo(x)dx =xZ(x).

5.5 TABLE OF DEFINITE INTEGRALS

All integrals listed below that do not have stars next to their numbers have been
automatically verified by computer.

o0
582. / x"'e™dx =T'(n), nisapositive integer.
0

00 !
583. f xX"pTtdx = Ll, p > 0, n is a non-negative integer.
0 (log p)"*
o r
584. / x"lem@t Dy gy — (n) , n>0,a>—1.
0 (a+ 1"
! 1" r 1
585./ x" | log — dx:ﬁ, m>—1,n>—1.
0 X (m + 1)n+1
1 1 m—1 r r
586. / "N = x)" dx =/ ol = (m) (n), n>0,m>0.
0 o (LX) = Tn+m)

Fm+1DITn+1)
, m>—1,n>—1,b>a.

b
587. / x—a)"(b—x)"dx = (b_a)n1+l1+l

'm+n+2)
*d 1
sss.f & ms L
X" m— 1
e d
589./ 7x=7rcosecpn, 0<p<l.
o (I+x)xp
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* d
590./ 7x=—ncotp7r, O0<p<l.
o (I—x)xr
1 xp
591. /0v mdx = pTt COS€C pTT, |p| < 1.
1 1— p
592./ / (4 =x) = —mwcosecpr, —1 < p <O.
0 (l_x)p-H ot
S 1
593./ dx = , 0<p<l.
o 1+x sin pw
00 m—1
594./ r dx = _”mn, 0<m<n.
o 1+xm nsin 7%
00 a (a+1-bo)/b T (aHL1) (¢ — oL
595-/x‘dx=m G b),a>—1,b>0,m>o,
o (m+ xb)e b I'(c)
c > ‘%".
[o¢]
d
596./ R
o (1+x)Vx
i, a >0,
2
0 a or
597.[ ——dx = 0, a=20,
o a4+ x2 or
b4
—, a<0
2
a n al n ”
598./ (az—xz) /2 dx:/ f(az—xz) /2 dx:niza’”l, a>0,
0 0 2 (n+ 12

n is an odd integer.

599. f x™ (a2 - xz)n/2 dx = -
0

/2 /2
600./ sin”xdx:/ cos" xdx =
0 0
T
-, a >0,
2
00 3 or
601./ A =1 o, a=0,
0 * or
T
——, a<0
2
602. */ CO8X ix = oo
0 X
o0
t
603./ MY =T,
0 X 2
o0
t
604./ anax dx:z, a> 0.
0 X 2
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2 r(i)’
or

n—DNm
nll 2’
or

(n— D!
n!ll

a>0 m>—1, n> —2.

n>-—1,

n # 0, n is an even integer,

n # 1, nis an odd integer.



b b
605. / sinnx - sinmx dx = / cosnx -cosmxdx =0, n # m, nisan integer,
0 0

m is an integer.

w/n w/n
606. / sinnx - cosnx dx = / sinnx - cosnx dx =0, n is an integer.
0 0

2
T rjlﬂ’ a — b is an odd integer.
607. */ sinax cosbx dx =
0 or
0, a — b is an even integer.
07 |a| > ]a
or
608 /oo sin x cos ax dx — %’ |a|:1’
0 . or
b4
-, la] < 1.
2
E, 0<ac<b,
609, /‘X’ s1naxsmbx ‘o 20r
0 b4
—_—, 0<b<a.
2
T b4
610/ sin mxdx—/ coszmxdxzz, m is an integer.
0 0
611, /°°51n px :nlpl.
0 2
612/ SIY = ” 0<p<l.
xP 20 (p) sin (pmr/2)’
613f 8% e = i 0<p<l.
o XF 2L (p) cos (pr/2)’
614. fool_C(Z’prdxz’T'p'.
0 X 2
0 qg>p=>0,
or
Ls. /oo slnpxcosqxdx= %’ p>q>0,
0 * or
z 0
-, =gq > 0.
4 pP=4q

616. /OO COSMY g = T mtmal,
0

x2+a? 2 |al

617. / CoS X dx_/ sinx*dx = — [
0
1
618. / sin (ax”" )dx— ( )sm > 1.
0 n
o 1
619. / cos (ax")dx = . () cos— > 1.
na'/n" \ n
/‘ /‘ cosx \/>
ﬁ 2
o [ =]
dx = =
4"
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620.




= 3
622. / sin’x =~ log3.
A 4

623. /oo SN2 3T
8
624. /oo LN
0 3
cos~la
625. dx = , 1.
/0 1—|—acosx x V1 = a2 lal <
b4
626. = —, b>0
/0 a—l—bcosx dx Ja? — b? a=
21
627. dx = ——, 1
/0 1+acosx o J1 = a2 lal <
628, /°° cosax — cos bx dx = log é '
0 a
629. / dx = "
o a’sin’x +b2 cos? x 2|ab|
2 b2
630[ dx dx =" 0 b 0.
o (a?sin®x + b?cos? x)? 4a3b3
I _/n\m . e . o
631. / n" ' xcos" ' xdx = §B<§) 5 m is a positive integer, n is a positive integer.
0
2N
632. / n" ! xdx = L n is a positive integer.
0 Qn+ D!’
2n — !
633. f sin? x dx = Mz, n is a positive integer.
!t 2
1 1 1 1
634. * =2l=—-—=4+=—-—=+4+...]).
/0 smx (12 32 + 52 77 + >
635. dx = z, m 1s a non-negative integer.
0 1+tan b 4
(27.[)3/2
636. f Jeosxdx = ————.
(T (1/4))°
T
637f tanxdx—ih,0<h<l.
2cos ()
rr/Zt -1 —t lb
638/ an_ax o T g, a0, b>0.
0 2 b
o 1
639. / e %dx=—, a>0.
0 a
o0 b
640. dx:logf, a>0,b>0.
0 a
r 1
M, a>0,n>—1,
00 anJrl
641. / x"e ™ dx = or
0 n!
—_, a > 0, n is a positive integer.
an+1
o0 r 1
642. f x"e " dx M, a>0,p>0,n>-—1.
0 pa(’H'l)/I’
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3

[N}
[

1
—ﬁ, a>0.

643. / e dx =
0
b
644. / o gy = \f erf (b/a),
0
© 1
645./ e dx = 2[erfc bya), a>0.
b
© 1
646./ xe ¥ dx ==
0 2’
647. / ey = YT
0 4
648 oox”e_“"zdxzw il a>0,n>0
b 2Qa)"?\ a’ ’ '
o0 1
649. x2Hgma gy = M , a>0,n>—1
0 2an+l

650.

S—

m _—ax _ m' —a N a
x"e dx_aerl |:1—e Zr'j|
651 /OO e(_x2_a2/x2) dx = w_

0

2
¥ (Caxtob?) [ E N
652. e dx = —-_[—e , a>0,b>0.
0 2 a
o 1
653. | Jxe™dx= 5 a>0.
2a
o e*ﬂX T[
654. dx = | —, 0
NG X p, a >
655. e Y cosmxdx = ZL, a > 0.
a? +m?
656 s (b + o) d acosc —bsinc 0
. cos = > 0.
e x +¢)dx ey a
00 . m
657. e ¥sinmxdx = ———, a>0.
a? +m?
658. e "Xsin(bx—{—c)dxzw, a>0.

a?+ b?

659. xe “sinbxdx = ————, a>0.
a

3
Q

|
S

)

xe cosbxdx = m, a > 0.

n![(a +1b)"" — (a —1b)"t']

21(a2 + b2)n+1 ’
n![(a —1b)"™ + (a 4+ 16)"T]
2((12 +b2)n+l

660.

3

n_—ax

661. x"e " sinbx dx =

a > 0.

3

x"e * cosbx dx =

662.

, a>0,n>-—1.

3
N

“sinx 1
dx =cot” a, a>0.

2.2 T 2 2
e Y cosbxdx = 2\/|7| exp 7/ ab > 0.
a

663.
X

3

664.

o\;o\ac\:\c\ﬁhho\;o\;c\o
s
@.\;W‘
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oo

665. e *?x"'sin (x sing) dx = T'(b)sin (bgp), b >0, - < ¢ <

o]

666.

o0

b
667. x~1cosx dx = I'(b) cos (;), 0<b<l.

oo

b
668. | x"'sinxdx =T(b)sin (;) 0<b<l.

s ST ST S S~

669. / (logx)"dx = (—1)"n!, n < —1.

670/ log d :f

671. <log ) =

3
672./ xlog(l1 —x)dx = —-.
0 4

1
1
673./ xlog (14 x)dx = —.
0

e ¥ 0x " cos (x sing) dx = T'(b) cos (bgp), b>0, —Z <¢p < Z

g

-

T

4
1 _1 nF 1
674. / x"(logx)"dx = (()-i-il)itl)’ m > —1, nis a positive integer.
0 m m
1 1 2
675. / 08X =T,
o 1+x 12
1 2
676. f logx v -
o 1—x 6
11 1 2
677. / M dx = 1
0 X 12
ll 1 — 2
678_/ logl=x , _ 7
0 X 6

2

1
679. f (logx)log (1 +x)dx =2 —2log2 — %
0

1 2
680. / (logx)log(1 —x)dx =2 — —.
0

6
1 ] 2
681./ 08 x=_-T.
A 8

1 — x2
1 1 d 2
682./ log (X)X 77
0 1—x/ x 4
' logx b4
683. x =——log?2.
\/l—x2 2 %
! 1Y r 1
684./ log dx:ﬂ, m>—1,n>—1.
(m 4+ 1)nt!
Lypr q 1
685/x a x = log & , p>—1,qg>—1.
0 logx qg+1

686. — J7.

/(1 ,/log( logx)
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687.

688.

689.

690.

691.

692.

693.

694.

695.

696.

697.

698.

699.

700.

701.

702.

703.

1 2
704. f _— 1+() 3K+ (
o (1 —k2 sin®x)32 2 2

705.

00 1 2
/ (e + )dx:n.
0 4

0

0

72
/ xlogsinxdx = Y log?2.

(=]

/ (sinx) logsinx dx = log2 — 1.
0

/2
/ logtan x dx = 0.
0

/2 T
/ logsinx dx = / logcosx dx = -2 log?2.
0

/2 T
f logsecx dx = / logcosec x dx = 3 log 2.
0

g /2 b2
/ log(a:tbcosx)dxzzrlog(a—’_;), a>b.
0
. 2 loga, a>b>0,
/ log (a®> = 2abcosx + b*) dx = or
0 2rlogh, b>a>0.
/ smax dx = i tanh ar .
sinh bx 2b 21b|
[o¢]
/ cosax dx = i sech ﬂ.
o coshbx 2b 2b
/°° dx  m
o coshax  2la|’
00 2
/ ol dx = i , a>0.
sinh ax 4q?
o a
/0 4 cosh (bx)dx = PRyl |b| < a

*° b
/ *sinh (bx)dx = ——, |b| < a.

0 =
/“"’ sinh ax b4 am 1
dx = —csc— — —,
o e +1 2b b 2a
/oo smhax 1 T a
— — —cot —,
0 2a 2b b

0 \/1—k2s1nx 2 2

<1

/2 T
*f V1—ksin’xdx = = 1—(
o 2
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b>0
b>0
1-3\°
K’ — ) ik
+(2-4> +<
1-3\°
— =) skt
2.4

1

2

+(2.4.6

Je- (3
—(

k4
)y
1-3.5
2-4-6

'

k6

5

1-3-5\2
> 7k6+...i|, K <.

..:|, K< 1.



Th6. f e tlogxdy = —y.
0

0 —,_-: \,-"r."T
'Tr'I]"?-f e logxdx =— 1 iy +2log2).
0

- 1 1
TO8. ( —)f"d.t‘: ¥
0

| —e* X

=1 1 1
709, — dx = y.
ﬁ x(l—e'” .J:) =Y






