
Find the Maclaurin series for arctan x and test for convergence. 
 

f (x) =
k=0

∞

∑ f k( )(0)
k!

⎛
⎝⎜

⎞
⎠⎟
xk  

 

 k = 0 :   → arctan x → arctan0 → 0 → 0
0!

→ 0 ⋅x0 → 0  

 

 k = 1 :  → 1
1 + x2

→ 1
1 + (0)2

→ 1 → 1
1!

→ 1⋅x1 → x  

 

 k = 2 :  → − 2x
1 + x2( )2

→ − 2 ⋅0
1 + 02( )2

→ 0 → 0
2!

→ 0  

 

 k = 3 :   →
8x2

1 + x2( )3
− 2
1 + x2( )2

→ − 2 → −2
3!

→ − 2
3!
⋅x3  

 

 k = 4 :   →
48x3

1 + x2( )4
+ 24x

1 + x2( )3
→ 0 → 0

4!
⋅x4 → 0  

 

 k = 5 :   →
384x4

1 + x2( )5
− 288x2

1 + x2( )4
+ 24
1 + x2( )3

→ 24 → 24
5!

→ 24
5!

⋅x5  

 

 k = 6 :   → − 3840x5

1 + x2( )6
+ 3840x3

1 + x2( )5
− 720x3

1 + x2( )4
→ 0 → 0

6!
⋅x6 → 0  

 

 
 

arctan x = x − 2
3!
x3 + 24

5!
x5 + …=  

 

arctan x = x − 1
3
x3 + 1

5
x5 + …  

   

  arctan x =
k=0

∞

∑ −1( )k
2k +1

x2k+1  



 
  Now check for convergence.   
  

             
k→∞
lim

x2k+3

2k + 2
x2k+1

2k +1

=
k→∞
lim x2k+3

2k + 2
⋅ 2k +1
x2k+1

=
k→∞
lim (2k + 1)

(2k + 2)
⋅ x2 = x2 ⋅1

 
 
 ∴we have convergence on −1, 1( )  
 
 Check for x = -1 : 
 

  
k=0

∞

∑ −1( )k
2k +1

−1( )2k+1 =
k=0

∞

∑ −1( )3k+1
2k +1

converges by alternating series test
 

 
 Check for x =  1 : 
 

  k=0

∞

∑ −1( )k
2k +1

1( )2k+1 =
k=0

∞

∑ −1( )k
2k +1

converges by alternating series test
 

 

  k=0

∞

∑ −1( )k
2k +1

x2k+1 converges to arctan x on [−1, 1]
 

Using just the fact that  

         

 

k=0

∞

∑ xk converges to 1
1 − x

on −1, 1( )

1
1 + x2

= 1
1 − −x2( ) ←

k=0

∞

∑ −x2( )k

1
1 + x2

=
k=0

∞

∑ −x2( )k = 1 − x2 + x4 − x6 + x8 −…

∫ 1
1 + x2

dx = ∫ 1 − x2 + x4 − x 6 + x8 −… dx

 



  
arctan x = x − 1

3
x3 + 1

5
x5 − 1

7
x7 + 1

9
x9 =

k=0

∞

∑ −1( )k
2k +1

x2k+1
 

 

  This is called Gregory's Series and can be used for the calculation of  π. 

 

  Since                  

                              
π
4

= arctan1 = 1 − 1
3
13 + 1

5
15 − 1

7
17 + 1

9
19 = 1 − 1

3
+ 1
5

− 1
7
+ 1
9
…

 
 

                                       
 

or π = 4 1 − 1
3
+ 1
5

− 1
7
+ 1
9

…
⎛
⎝⎜

⎞
⎠⎟

 

  
 


